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GRAPHS AND OBSTRUCTION THEORY FOR ALGEBRAIC CURVES
TAKEO NISHINOU
Abstract. In this paper we study a construction of algebraic curves from combinatorial
data. In the study of algebraic curves through degeneration, graphs usually appear as
the dual intersection graph of the central fiber. Properties of such graphs can be encoded
in so-called tropical curves. Our main concern is the relation between algebraic curves
and tropical curves where the deformation problem is obstructed. Particular emphasis is
put on the role of higher valent vertices of tropical curves, which has not been developed
well so far in spite of its importance in this area of study. We will give a general formula
describing the obstruction, a new criterion for the vanishing of the obstruction, and a
relation between the number of algebraic curves and the number of integral points in
certain polytopes. We also prove the optimal version of the correspondence between
tropical curves and algebraic curves when the tropical curves are regular, generalizing
[3, 14, 21].
1. Introduction
The appearance of graphs in the study of algebraic curves is quite common. In this
context, usually a graph appears as the dual intersection graph of the central fiber of a
suitable degenerating family of algebraic curves. Although any abstract finite graph can
be realized as the dual intersection graph associated to a degenerating family of algebraic
curves (see [1, Appendix B]), the situation becomes more interesting when one considers
curves embedded in suitable ambient spaces. Now the graphs have to satisfy balancing
conditions at the vertices, which is the combinatorial counterpart of the harmonicity,
and there are subtler conditions coming from superabundancy, which correspond to the
obstructions to deform the degenerate algebraic curves.
The nature of the graphs associated to such degenerate algebraic curves can be encoded
in so-called tropical curves. G.Mikhalkin started this area of study with his pioneering
work [10], in which he proved the correspondence between imbedded tropical curves of
any genus in R2, and holomorphic curves in toric surfaces specified by the combinatorial
data of the tropical curves. Recently ideas from non-archimedean geometry are pushing
this field forward (see for example [2]).
Nevertheless, the nature of degenerate algebraic curves is not yet well understood. The
main obstacle is the presence of obstructions to deform degenerate curves to smooth (or
more generally irreducible) curves. The combinatorial counterpart of these curves are
superabundant tropical curves. In this paper, we study fundamental aspects of super-
abundant tropical curves and their implications to algebraic curves. In particular, we
investigate the role of higher valent vertices, which has not been studied much so far in
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spite of its importance in the study of superabundant tropical curves.
The most fundamental problem concerning tropical curves is their relationship to alge-
braic curves. This problem is essentially the same as the study of algebraic curves in a
given variety though degeneration. The basic strategy to handle this problem is two fold:
Step 1: First, construct a degenerate algebraic curve in a suitable ambient space, which is
the central fiber of a degenerating family of varieties.
Step 2: Then, deform the curve to a general fiber of the family.
When the tropical curve is not superabundant (see Definition 67 for the precise condition),
the relation to algebraic curves is quite nice in respect of the both steps above, and we
have faithful correspondence between these curves (it is conditionally proved in [3, 14, 21],
and we prove it in the optimal form in this paper, see Theorem 78).
On the other hand, when the tropical curve is superabundant, several new phenom-
ena emerge. In this regard, Step 2 has been relatively well studied (see for example
[2, 7, 14, 19]). However, it turns out that Step 1 is as crucial as Step 2, though this point
does not seem to have been studied seriously. The importance of this point becomes
particularly clear when one considers tropical curves with higher valent vertices. In this
paper, we develop a general formalism to deal with higher valent vertices, and study the
first and second steps using it.
The bridge which connected Step 1 to Step 2 is the calculation of the cohomology group
in which the obstruction to deform the degenerate algebraic curve lies. On the other hand,
the combinatorial counterpart of the obstruction is the superabundancy of tropical curves.
Therefore, describing the superabundancy effectively is an important problem both in the
theory of algebraic and tropical curves. Namely, given a tropical curve, following problems
immediately arise:
• Determine whether the tropical curve is superabundant or not.
• When the tropical curve is superabundant, calculate the number of parameters of
its deformation.
Both problems are not easily solved when one looks only at the tropical curve itself. In
Sections 3 and 4, we will give a general answer to these problems by reducing them to
a calculation of certain sheaf cohomology group of the algebraic counterpart of tropical
curves (Theorems 44 and 64). When the tropical curve is 3-valent and is an immersion,
then this cohomology group is completely determined by the combinatorial data of the
tropical curve. On the other hand, when there are higher valent vertices in the tropical
curve, this cohomology group is given as the solution space of certain system of linear
equations, which is not in general determined by the combinatorial data. With this
description, we can study correspondence theorems for superabundant tropical curves
[14]. It also gives basis for studies in various other situations [15, 16, 18]. An interesting
point is that while usually tropical curves are used to combinatorially understand algebraic
curves, here we use algebraic geometry to understand combinatorics of tropical curves.
The fundamental set up for the study of higher valent vertices is given in Section 4.
The key point is that although algebraic geometric counter part of a general higher valent
vertex is not necessarily easy to handle, such a vertex can be obtained from a standard
higher valent vertex, whose algebraic geometric counter part is a line in a projective space.
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Using this, we can reduce various calculation on degenerate curves to calculation on a line
in a projective space, which can be done very explicitly. In particular, this enables us to
calculate the obstruction cohomology group in various situations.
In Sections 6 and 7, we apply our formulation to concrete study of curves. In Section
5, we prepare some techniques useful for these studies. Meanwhile they are also used to
prove the optimal correspondence theorem for regular tropical curves (Theorem 78). In
Section 6, we construct examples which exhibit subtleties present in the first step and in
the calculation of the obstruction cohomology groups. The only known sufficient condition
which guarantees that a given superabundant tropical curve corresponds to an algebraic
curve (such a tropical curve is called smoothable in this paper) is so-called well-spacedness
condition for curves of genus one, first considered by Speyer [19]. The situation becomes
rather different in the presence of higher genera and higher valent vertices. In particular,
we show the following new sufficient condition for smoothability of tropical curves of genus
one (see Theorem 86 for the precise statement).
Theorem 1. Let h : Γ→ Rn be a tropical curve of genus one. Assume that the directions
of the edges emanating from the vertices on the loop span Rn. Then (Γ, h) is smoothable
if there is a degenerate algebraic curve corresponding to (Γ, h).
This is strikingly different from the well-spacedness condition. For example, for an
immersed 3-valent tropical curve of genus one to be well-spaced, at least two vertices
must exist from which edges not contained in the minimal affine subspace containing the
loop emanate. However, this is not the case in the situation of the above theorem. Note
that if (Γ, h) is a superabundant tropical curve of genus one, then there must be higher
valent vertices to fulfill the condition of the theorem. This theorem can be extended to
cover many situations where curves have higher genera (see Definition 66).
Also note that the above theorem claims nothing about the existence of a degenerate
algebraic curve corresponding to (Γ, h). This point is also different from the cases to
which the known well-spacedness condition applies. Namely, when a tropical curve of
genus one is an immersion, one can show that there always exists a degenerate algebraic
curve corresponding to it (that is, the first step can be always solved, see Corollary 49).
However, as examples in Section 6 show, it is a subtle problem when there are higher
valent vertices. We give a general answer to this problem in Section 7. The result is the
following (see Theorem 96 for the precise statement)
Theorem 2. Let (Γ, h) be a superabundant tropical curve of genus one satisfying the
condition of Theorem 1 (in particular, there are higher valent vertices on the loop). There
is a lattice parallelotope P in some RN and a finite set of hyperplanes Hi constructed from
the combinatorial data of (Γ, h) such that a degenerate algebraic curve of type (Γ, h) exists
if and only if P \ (∪iHi) contains a lattice point. Here P is the interior of P .
Also, it turns out that the number of families of degenerate algebraic curves correspond-
ing to (Γ, h) is obtained by counting lattice points in P \ (∪iHi). Combining Theorems 1
and 2, we obtain the complete characterization of superabundant tropical curves of genus
one which correspond to algebraic curves, when there are no vertices outside the loop.
When there are vertices outside the loop, we need the calculation of the obstructions
contributed from them, and it is done in [14]. Thus, the problem of the correspondence
between algebraic curves and tropical curves of genus one has been solved (of course,
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there are still important problems of purely combinatorial nature, such as calculating
the number of tropical curves of a given combinatorial type satisfying suitable constraint
conditions).
The results so far apply to the study of algebraic curves on toric varieties through
degeneration. For the study of curves on more general varieties, we need to know the
effect of the singularities of the total space of the degeneration to the obstruction of
curves. Such calculation was done in [15] for the generic case. Therefore, given any
variety, once we have a reasonable degeneration so that we can study degenerate curves
on it, we will be able to deduce large amount of information on the original variety from
it, at least about curves of genus at most one.
On the other hand, tropical varieties themselves are of much interest and subject to
active study. In relation to our results, Carolin Torchiani defined a nice counting number
of tropical curves of genus one with desirable invariance properties in her thesis [20]. Her
definition is based on the intersection theory on the moduli space of tropical curves of
genus one (which itself is a tropical variety). In her definition, all the tropical curves satis-
fying the condition of Theorem 1 contribute to the counting number positively. However,
Theorem 2 shows that the moduli space of algebraic curves has more refined structure
than the combinatorial one, reflecting the subtlety of Step 1 above.
Acknowledgments. The author’s study of tropical geometry began from the joint work
[17] with B.Siebert, and many ideas from it appear in this paper, too. It is a great
pleasure for the author to express his gratitude to him. The author would also like to
thank C.Torchiani for sending him her thesis [20]. The author was supported by JSPS
KAKENHI Grant Number 26400061.
2. Preliminary
In this section, we recall and define some notations and notions which are used in this
paper.
2.1. Tropical curves. First we recall some definitions about tropical curves, see [10, 17]
for more information. Let Γ be a weighted, connected finite graph. Its sets of vertices
and edges are denoted by Γ
[0]
, Γ
[1]
, respectively. We write by wΓ : Γ
[1]
→ N \ {0} the
weight function. An edge E ∈ Γ
[1]
has adjacent vertices ∂E = {V1, V2}. Let Γ
[0]
∞ ⊂ Γ
[0]
be the set of all 1-valent vertices. We write Γ = Γ \ Γ
[0]
∞. Noncompact edges of Γ are
called unbounded edges. Let Γ
[1]
∞ be the set of all unbounded edges. Let Γ[0],Γ[1], wΓ be
the sets of vertices and edges of Γ and the weight function of Γ (induced from wΓ in the
obvious way), respectively. Let N be a free abelian group of rank n ≥ 1 and we write
NK = N ⊗Z K, where K = Q,R,C.
Definition 3. We call a continuous map h : Γ → NR a semi-affine map if the following
conditions hold.
(1) h is a proper map. In particular, the closure of the image of an unbounded edge
is non-compact.
(2) For every edge E ∈ Γ[1], the restriction h
∣∣
E
is either an embedding with the image
h(E) contained in an affine line, or a contraction so that h(E) is a point.
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Let h be a semi-affine map. Let S ⊂ h(Γ) be the set of points with the property that
p ∈ S if and only if for any neighborhood Op of p in NR, the intersection Op ∩ h(Γ) is not
homeomorphic to an open interval. The following is easy to see.
Lemma 4. Let h be a semi-affine map as above. Then the following statements hold.
(1) S is a finite set.
(2) By adding finite number of vertices to Γ, we can assume that the inverse image
h−1(p) of each p ∈ S consists of closed subgraphs of Γ. 
Under the condition of Lemma 4 (2), the image h(Γ) has a natural structure of a graph
as follows.
Definition 5. Let h : Γ→ NR be a semi-affine map satisfying the condition of Lemma 4
(2). Then a vertex of the image h(Γ) is the image of some vertex of Γ. Similarly, an edge
of h(Γ) is the image of some edge of Γ which is not contracted.
Note that under the condition of Lemma 4 (2), the inverse image h−1(v) of a vertex of
h(Γ) is a union of closed subgraphs. Similarly, the inverse image h−1(E◦) of the open part
E
◦ of an edge E of h(Γ) is the union of the open part of the edges of Γ each of which is
mapped to E homeomorphically.
Henceforth, we always assume Lemma 4 (2) holds. Let p ∈ S and Γ1 be one of connected
components of h−1(p). Then Γ1 contains several 1-valent vertices q1, . . . , qa. Let E1, . . . , Eb
be the edges of Γ \ Γ1 emanating from some of q1, . . . , qa.
Definition 6 ([10, Definition 2.2]). A parametrized tropical curve in NR is a semi-affine
map h : Γ→ NR satisfying the following conditions.
(i) For every edge E ∈ Γ[1], the image h(E) is either contained in an affine line with
a rational slope, or a point.
(ii) For every vertex V ∈ Γ[0], h(V ) ∈ NQ.
(iii) The following balancing condition holds. Namely, for each p ∈ S and a connected
component Γ1 of h
−1(p), the equality
(1)
b∑
j=1
wΓ(Ej)uj = 0
holds, using the notation in the above paragraph. Here uj is the primitive integral
vector of N in the direction of the edge h(Ej) emanating from p.
Remark 7. In [17], h|E is assumed to be an embedding (see [17, Definition 1.1]) for every
edge E. The reason why we adopt the above definition is that these cases appear naturally
when we consider superabundant tropical curves.
An isomorphism between parametrized tropical curves h : Γ→ NR and h
′ : Γ′ → NR is
a homeomorphism Φ: Γ→ Γ′ respecting the weights such that h = h′ ◦ Φ.
Definition 8. A tropical curve is an isomorphism class of parametrized tropical curves.
A tropical curve is 3-valent if any vertex of Γ is at most 3-valent. The genus of a tropical
curve is the first Betti number of Γ. The set of flags of Γ is
FΓ = {(V,E)
∣∣V ∈ ∂E}.
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Note that in our definition, there can be 2-valent vertices in the abstract graph Γ of a
3-valent tropical curve. By (i) of Definition 6, we have a map u : FΓ→ N sending a flag
(V,E) to the primitive integral vector u(V,E) ∈ N emanating from h(V ) in the direction
of h(E) or to the zero vector.
Remark 9. We allow the case that even when u(V,E) 6= 0, the edge E is contracted by
the map h (but in such a case the direction u(V,E) does not contribute to the balancing
condition (1)). We think of such a tropical curve as the limit of a family of tropical
curves (Γ, hs), s ∈ [0, 1) ∩ Q where the image hs(E) has the direction u(V,E) for each s
and the length goes to zero as s→ 1 (see Definition 14).
Definition 10. The (unmarked) combinatorial type (or simply the type) of a tropical
curve (Γ, h) is the graph Γ together with the map u : FΓ→ N . We write this by the pair
(Γ, u).
Definition 11. The degree of a combinatorial type (Γ, u) is the function ∆(Γ, u) =
∆: N \ {0} → N with finite support defined by
∆(Γ, u)(v) := ♯{(V,E) ∈ FΓ|E ∈ Γ[1]∞ , w(E)u(V,E) = v}.
Let e = |∆| =
∑
v∈N\{0}∆(v). This is the same as the number of unbounded edges of Γ
(not necessarily of h(Γ) since some of the edges may have the same image).
Definition 12. We call a tropical curve (Γ, h) immersive if for anyE ∈ Γ[1], the restriction
of h to E is an embedding. Note that even if (Γ, h) is immersive, some of the edges of Γ
can have the same image.
Proposition 13 ([10, Proposition 2.13]). The space parameterizing immersive 3-valent
tropical curves of a given combinatorial type is, if it is non-empty, an open convex poly-
hedral domain in the real affine k-dimensional space, where k ≥ e+ (n− 3)(1− g). Here
e is the number of unbounded edges of Γ as in Definition 11, n is the dimension of the
target space NR, and g is the genus of Γ. 
Definition 14. Fix a combinatorial type of 3-valent tropical curves whose parameter
space of immersive curves is non-empty. Then we define the parameter space of all 3-
valent tropical curves of the given combinatorial type as the closure of the parameter
space of immersive curves.
Remark 15. In other words, an element of the parameter space of tropical curves of
a given combinatorial type is a tropical curve which can be deformed into an immersive
tropical curve of that combinatorial type. If there is no immersive tropical curve of the
given combinatorial type, then the corresponding parameter space is defined to be empty
in this paper (see Example 19). See also Proposition 70 and Question 75.
The following is an immediate consequence of Proposition 13.
Corollary 16. Let (Γ, h) be a 3-valent tropical curve. Then the parameter space of 3-
valent tropical curves of the given combinatorial type is, if it is not empty, a closed convex
polyhedral domain in a real affine k-dimensional space, where k ≥ e+ (n− 3)(1− g). 
Remark 17. The term ’closed’ in the statement of the corollary does not mean ’compact’.
Since we can parallel transport any tropical curve, the parameter space is always non-
compact.
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Before stating Assumption A below, we prepare some terminologies. Let Γ be a non-
compact finite graph as above.
Definition 18. (i) An edge E ∈ Γ[1] is said to be a part of a loop of Γ if the graph
given by Γ \E◦ has the smaller first Betti number than Γ. Here E◦ is the interior of
E (that is, E◦ = E \ ∂E).
(ii) The loop part of Γ is the subgraph of Γ composed of the union of all parts of the
loops of Γ.
(iii) A bouquet of Γ is a connected component of the loop part of Γ. A subset of a bouquet
which is homeomorphic to a circle is called a loop.
In particular, a bouquet or a loop does not contain unbounded edges.
Example 19. Proposition 13 fails to hold for non-immersive tropical curves. For example,
consider an abstract 3-valent graph Γ which has three unbounded edges E1, E2, E3 of
weight one. Assume that the set Γ \ {E◦1 , E
◦
2 , E
◦
3} is a bouquet. The following map
h : Γ→ R2 gives a tropical curve.
• h maps the ends of E1, E2, E3 to the origin (0, 0) ∈ R2.
• h maps the edges E1, E2, E3 onto the half lines {(x, 0) | x ≥ 0}, {(0, y) | y ≥
0}, {(x, y) | x = y ≤ 0}, respectively.
• h contracts the other part of Γ to (0, 0) ∈ R2.
Then it is easy to see that there is no deformation of (Γ, h) other than parallel transports.
Therefore, if the genus of Γ is positive and h is not immersive, Proposition 13 does not
always hold. This tropical curve is not contained in the parameter space in the sense of
Definition 14 for any combinatorial type.
Also, even when Γ is tree, (Γ, h) need not deform into an immersive tropical curve, see
Figure 1.
E
Figure 1. A tropical curve in R2 which cannot be deformed into an im-
mersive curve, even though the domain abstract graph is a tree. The edge
E in the abstract graph is contracted to the unique vertex of the image.
The two upper edges of the abstract graph are mapped into the horizontal
line in R2. Similarly, the two lower edges are mapped into the other line.
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As this example shows, when the map h contracts loops of Γ, it becomes difficult to give
a unified treatment of tropical curves. Therefore we introduce the following assumption.
Assumption A.
(i) The abstract graph Γ is always 3-valent. Therefore, (Γ, h) is always a 3-valent
tropical curve in view of Definition 8, although some vertices of the image h(Γ) may
not be 2- or 3-valent.
(ii) The map h may contract some of the bounded edges of Γ. However, h does not
contract a loop to a point.
(iii) (Γ, h) can be deformed into an immersive tropical curve. Thus, the parameter space
containing (Γ, h) is not empty.
(iv) The inverse image of any vertex of h(Γ) is a disjoint union of closed subgraphs of Γ
(by (ii), each component must be a tree or a vertex).
Remark 20. (1) The essential part of Assumption A is the part (iii). The part (ii)
is also related to the part (ii) (see Example 19). The part (iv) is (2) of Lemma 4,
and can always be realized by taking a suitable refinement of the graph Γ.
(2) In particular, immersive 3-valent tropical curves satisfy Assumption A possibly
after a suitable refinement of the graph Γ.
(3) When (Γ, h) satisfies Assumption A, we define a part of a loop, the loop part, a
bouquet and a loop of the image h(Γ) as the images of them of Γ.
(4) By (iii) of Assumption A, when a tropical curve (Γ, h) satisfies Assumption A, the
parameter space of the given type is a non-empty closed convex polyhedral domain
in a real affine k-dimensional space, where k ≥ e+(n−3)(1−g), by Corollary 16.
The subset of tropical curves satisfying Assumption A is neither closed nor open
in general, since some of the edges can be contracted while edges in a loop cannot
be contracted simultaneously.
(5) A general member of the parameter space in (4) above is immersive.
Now we define the superabundancy of tropical curves. In view of Example 19, it is
reasonable to define it only for curves satisfying Assumption A(iii).
Definition 21 ([10, Definition 2.22]). A 3-valent tropical curve satisfying Assumption
A(iii) is called superabundant if the parameter space is of dimension larger than e+ (n−
3)(1− g). Otherwise it is called non-superabundant. See also Subsection 5.1.
To see whether a tropical curve satisfying Assumption A of a given combinatorial
type is superabundant or not, it is enough to check it for an immersive tropical curve
obtained by deforming the original curve. On the other hand, we will see below that the
superabundancy of an immersive tropical curve can be effectively calculated via algebraic
geometry. Now we recall some notions from algebraic geometry relevant to our purpose.
2.2. Toric varieties associated to tropical curves and pre-log curves on them.
Definition 22. A toric variety X defined by a fan Σ is called associated to a tropical
curve (Γ, h) if the set of the rays of Σ contains the set of the rays spanned by the vectors
in N which are in the support of the degree map ∆: N \ {0} → N of (Γ, h).
If E is an unbounded edge of h(Γ), there is an obvious unique divisor ofX corresponding
to it. We write it by DE and call it the divisor associated to the edge E.
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Definition 23. Given a tropical curve (Γ, h) in NR defined over Q (that is, the vertices
have rational coordinates), we can construct a polyhedral decomposition P of NR defined
over Q such that h(Γ) is contained in the 1-skeleton of P ([17, Proposition 3.9]). Given
such P, we construct a degenerating family X → C of a toric variety X associated to
(Γ, h) ([17, Section 3]). We call such a family a degeneration of X defined respecting (Γ, h).
Let X0 be the central fiber. It is a union X0 = ∪v∈P[0]X0,v of toric varieties intersecting
along toric strata. Here P [0] is the set of the vertices of P.
Remark 24. To define X, in general we need to multiply (Γ, h) by some constant so that it
becomes defined over Z. There are choices of this multiplication factor, which correspond
to base changes on the algebraic geometry side. One requirement to this choice is that the
integral length of each bounded edge is a multiple of its weight (see [17, Proposition 7.1]).
In the following arguments, we just talk about degenerations defined respecting (Γ, h) which
is defined over Q, assuming a suitable choice of the multiplication factor is made. It is
convenient to do this, since we sometimes refine the graph by adding 2-valent vertices,
and mentioning this base change each time will be cumbersome.
Definition 25 ([17, Definition 4.1]). Let X be a toric variety. A holomorphic curve
C ⊂ X is torically transverse if it is disjoint from all toric strata of codimension greater
than one. A stable map φ : C → X is torically transverse if φ−1(intX) ⊂ C is dense and
φ(C) ⊂ X is a torically transverse curve. Here intX is the complement of the union of
toric divisors.
Definition 26. Let C0 be a prestable curve. A pre-log curve on X0 is a stable map
ϕ0 : C0 → X0 with the following properties.
(i) For any v ∈ P [0], the restriction C0×X0 X0,v → X0,v is a torically transverse stable
map.
(ii) Let P ∈ C0 be a point which maps to the singular locus of X0. Then C0 has a
node at P , and ϕ0 maps the two branches (C
′
0, P ), (C
′′
0 , P ) of C0 at P to different
irreducible components X0,v′ , X0,v′′ ⊂ X0. Moreover, if w′ is the intersection index
of the restriction (C ′0, P ) → (X0,v′ , D
′) with the toric divisor D′ ⊂ X0,v′ , and w′′
accordingly for (C ′′0 , P )→ (X0,v′′ , D
′′), then w′ = w′′.
Let X be a toric variety and D be the union of toric divisors. In [17, Definition 5.2], a
non-constant torically transverse map φ : P1 → X is called a line if
♯φ−1(D) ≤ 3.
In this case, the image of φ is contained in the closure of the orbit of a subtorus of
dimension at most two of the big torus acting on X ([17, Lemma 5.2]). Because we
consider more general tropical curves, we have to extend this notion.
Let Γ be a weighted 3-valent tree and h : Γ → NR be a map which gives Γ a structure
of a tropical curve, and assume that the image h(Γ) has only one vertex v. Let E1, . . . ,Es
be the edges of h(Γ) (some of these can coincide, and these correspond to the unbounded
edges of Γ in a natural way). Let X be a toric variety associated to (Γ, h).
Definition 27. A non-constant torically transverse map φ : P1 → X is called of type
(Γ, h), or of type v when h is clear from the context, if φ satisfies the following property:
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• Let Ei be an edge of h(Γ) and let wi be the weight of Ei. Then φ(P
1) has an
intersection with the divisor DEi with intersection multiplicity wi, and there is no
intersection between φ(P1) and toric divisors other than these.
Note that when some edges of E1, . . . ,Es coincide, then there are several intersections
between φ(P1) and the corresponding toric divisor.
Let (Γ, h) be a tropical curve satisfying Assumption A. Let X be a toric variety asso-
ciated to (Γ, h) and X → C be a degeneration of X defined respecting (Γ, h). Let X0 be
the central fiber.
Definition 28. A pre-log curve ϕ0 : C0 → X0 is called of type (Γ, h) if for any v ∈ h(Γ)[0],
the restriction of C0 ×X0 X0,v → X0,v to each of the components {C0,v(i)} of C0 mapped
to X0,v is a rational torically transverse curve of type (Γv(i), h|Γv(i)). Here {Γv(i)} is the
set of open subgraphs of Γ each element of which is the union of
• a connected component of h−1(v), and
• the open part of the edges emanating from the vertices of it.
See Figure 2 for an example.
Definition 29. When ϕ0 : C0 → X0 is a pre-log curve of type (Γ, h), let Γϕ0 be the graph
obtained from Γ by contracting all the bounded edges of each Γv(i) in the notation of
Definition 28. The graph Γϕ0 is the dual intersection graph of C0 (containing the set of
unbounded edges, which is the information of intersection of ϕ0(C0) and some of the toric
divisors of X0 seen as marked points of C0) and it is clear that the map h : Γ→ Rn factors
through Γϕ0 (see Figure 2).
V
Figure 2. The abstract graph Γ (the picture on the left) is mapped to a
graph in Rn (the picture on the right). The bold line segment in Γ is the
inverse image of the vertex V and the union of the bold line segment and
the dotted line segments in Γ is the subgraph ΓV . In this example, the
graph Γϕ0 is the same as the picture on the right as an abstract graph.
The components {C0,v(i)} are disjoint, since otherwise the graphs Γv(i) and Γv(i′) have
a non-contracting common (open) edge E for some i and i′, but since both of the ends of
E are mapped to the vertex v, the edge E must be contracted. Note that each C0,v(i) is
an irreducible rational curve.
Remark 30 ([17, Definition 5.6]). A pre-log curve ϕ0 : C0 → X0 is maximally degenerate
if it is of type (Γ, h) for some immersive tropical curve (Γ, h).
GRAPHS AND OBSTRUCTION THEORY FOR ALGEBRAIC CURVES 11
Definition 31. A 3-valent tropical curve (Γ, h) is smoothable if there is a pre-log curve
ϕ0 : C0 → X0 of type (Γ, h) with the following property. Namely, there exists a family of
stable maps over C
Φ: C/C→ X/C
such that C/C is a flat family of pre-stable curves whose fiber over 0 is isomorphic to C0,
and the restriction of Φ to C0 is a stable map equivalent to ϕ0. We also call such a pre-log
curve smoothable.
Remark 32. The smoothability of a tropical curve does not depend on the choice of a
toric variety X associated to it or a degeneration of X defined respecting the tropical
curve.
See [17, Section 5], for more information about lines and maximally degenerate pre-log
curves. Given an immersive 3-valent tropical curve (Γ, h) which is non-superabundant, we
can construct maximally degenerate pre-log curves of type (Γ, h) ([17, Proposition 5.7]),
and vice versa ([17, Construction 4.4]). More generally, if (Γ, h) is regular in the sense of
Definition 67, then we will show that there is a pre-log curve of type (Γ, h) (see Proposition
77). Also, it is not difficult to see that immersive non-superabundant tropical curves are
regular. However, when the tropical curve is superabundant, a degenerate curve of the
given type might not exist, see Examples 81 and 82.
The smoothing of these degenerate curves of type (Γ, h) is studied in the following sec-
tions through log-smooth deformation theory [5, 6]. For informations about log structures
relevant to our situation, see [17, Section 7]. We do not repeat it here, because nothing
new about log structures is required here, other than those given in [17].
3. Combinatorial description of the dual space of obstructions for
immersive tropical curves
Let (Γ, h) be an immersive tropical curve and X be a toric variety associated to it.
Let X → C be a degeneration of X defined respecting (Γ, h). Let P be a polyhedral
decomposition of NR defining X. Assume there is a pre-log curve ϕ0 : C0 → X0 of type
(Γ, h) (In fact, the result in this section makes sense even if such a curve does not exist,
see Remark 46).
Remark 33. It is in general necessary to allow 2-valent vertices to Γ in order to assure
the property h−1(P [0]) = Γ[0]. Then there are components of C0 corresponding to these
2-valent vertices. However, as in the proof of [17, Proposition 7.1], these components do
not play an essential role in the argument below. Therefore, we usually neglect them and
regard Γ as if it has only 3-valent vertices for the simplicity of presentation.
We can give log structures to C0 and X as in [17, Section 7]. There are log tangent
sheaves associated to these log structures. The tangent space and the obstruction space
of the deformation of ϕ0 are calculated in terms of these sheaves.
Suppose that a lift ϕk−1 : Ck−1/Ok−1 → X of ϕ0 is constructed. Here Ok−1 = C[ǫ]/ǫk.
Then as in the proof of [17, Lemma 7.2], an extension Ck/Ok of Ck−1/Ok−1 exists and such
extensions are parametrized by the space H1(C0,ΘC0/O0), here ΘC0/O0 is the log tangent
sheaf.
On the other hand, the obstruction to lift the map ϕk−1 to the next order is given by
a cohomology class in H1(C0, ϕ
∗
0ΘX/C) (note that even if we consider the deformation of
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ϕk−1 : Ck−1 → X, the obstruction lies in the cohomology on C0), here ΘX/C is the log
tangent sheaf relative to the base. As in usual deformation theory of smooth varieties,
there is a following standard result in the log smooth deformation theory [6].
Proposition 34. IfH1(C0, ϕ
∗
0ΘX/C) vanishes, then the pre-log curve ϕ0 is smoothable. 
On the other hand, the sheaf ϕ∗0ΘX/C fits in the exact sequence
(2) 0→ ΘC0/O0 → ϕ
∗
0ΘX/C → ϕ
∗
0ΘX/C/ΘC0/O0 → 0.
Note that we have the natural isomorphism
ΘX/C ≃ N ⊗Z OX,
here N is the free abelian group such that the fan defining a general fiber of X lies in
NR = N ⊗ R.
We have a map between cohomology groups
H1(C0,ΘC0/O0)→ H
1(C0, ϕ
∗
0ΘX/C).
The group H1(C0,ΘC0/O0) is the tangent space of the moduli space of deformations of C0,
and the obstruction classes in H1(C0, ϕ
∗
0ΘX/C) which are in the image of the above map
can be cancelled when we deform the moduli of the domain of the stable maps. Namely,
we have the following standard fact.
Proposition 35. If the map H1(C0,ΘC0/O0)→ H
1(C0, ϕ
∗
0ΘX/C) is a surjection, then the
map ϕ0 is smoothable.
Proof. Given the map ϕ0, the obstruction to deform it is defined, and it determines a class
α ∈ H1(C0, ϕ∗0ΘX/C). This class can be calculated in the following way. Take a suitable
open covering {Ui} of C0 so that there is a first order lift ϕ1|Ui : U˜i → X of the restriction
of ϕ0 to each of the open set Ui (the existence of such a covering follows from the general
theory of log smooth deformations). The set of lifts on Ui forms a torsor over the abelian
group of sections Γ(Ui, ϕ
∗
0ΘX/C), and the differences of the lifts on the intersections Ui∩Uj
determine a ϕ∗0ΘX/C-valued Cˇech 1-cocycle, which represents the class α.
On the other hand, by assumption, the class α is mapped to 0 ∈ H1(C0, ϕ∗0ΘX/C/ΘC0/O0).
This implies that we can perturb each lift ϕ1|Ui by a section in Γ(Ui, ϕ
∗
0ΘX/C) so that the
images of the differences of the lifts in ϕ∗0ΘX/C/ΘC0/O0 are zero not only cohomologically
but also in the level of cocycles. Then the differences of the lifts give ΘC0/O0-valued Cˇech
1-cocycle, where we see ΘC0/O0 as a subsheaf of ϕ
∗
0ΘX/C in the natural way.
In particular, the class α can be seen as a class of H1(C0,ΘC0/O0). This implies that
the domain U˜i of the local lift ϕ1|Ui glues into a global lift C1 of C0, so that the natural
map C1 → C[t]/t2 gives a deformation of C0 corresponding to the class α, and the maps
ϕ1|Ui can be also glued into a global map C1 → X. The existence of higher order lifts can
be proved similarly. 
In other words, the obstruction to smooth ϕ0 in fact lies in the cohomology group
H1(C0, ϕ
∗
0ΘX/C/ΘC0/O0). The purpose of this section is to calculate this group (precisely
speaking, its dual) when the tropical curve (Γ, h) is an immersion. More general situation
will be treated in Section 4.
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3.1. Basis of 1-forms with logarithmic poles. Let z be an affine coordinate on P1
and let a1, . . . , as be distinct points on P
1. For later use, we fix a basis of the space of
meromorphic 1-forms with logarithmic poles allowed at a1, . . . , as as follows.
Assume for simplicity that none of {ai} is ∞. Let ω˜ be the sheaf of meromorphic
1-forms allowing logarithmic poles at {ai}.
Then the space of sections Γ(ω˜) is an (s− 1)-dimensional vector space spanned by
τ1 =
dz
(z − as)(z − a1)
, · · · , τs−1 =
dz
(z − as)(z − as−1)
.
Taking
dz
z − a1
, · · · ,
dz
z − as
as frames of ω˜ at neighborhoods of z = a1, . . . , as, respectively, the section τj takes values
0, . . . , 0,
1
aj − as
, 0, . . . , 0,
1
as − aj
,
at a1, . . . , as, respectively. Here non-zero values are taken at aj and as.
In other words, the space of sections Γ(ω˜) is identified with the subspace of
Cs = {(v1, . . . , vs) | v1, . . . , vs ∈ C}
defined by
s∑
i=1
vi = 0.
Similarly, the space of sections of ω˜ ⊗ O⊕r
P1
is identified with the subspace of (Cr)⊕s
defined by
s∑
i=1
wi = 0, wi ∈ C
r.
3.2. Calculation of superabundancy for immersive tropical curves via algebraic
geometry. In this subsection, we assume (Γ, h) is an immersive tropical curve in Rn,
n ≥ 1. Thus, the graphs Γ and Γϕ0 (see Definition 29) are identical. In particular, the
dual intersection graph Γϕ0 of C0 is 3-valent. We also assume there is no divalent vertex
for notational simplicity.
Remark 36. Since the superabundancy only occurs when n ≥ 2, we may as well assume
n ≥ 2. Note that although all embedded plane tropical curves are regular in the sense of
Definition 67 as shown in [10], when we allow some edges to have the same image, then
even immersive 3-valent plane tropical curves can be superabundant. See Example 51. See
also [10, Remark 2.25] for an example with higher valent vertices.
By Serre duality for nodal curves, we have
H1(C0, ϕ
∗
0ΘX/C/ΘC0/O0)
∼= H0(C0, (ϕ
∗
0ΘX/C/ΘC0/O0)
∨ ⊗ ωC0)
∨.
Here ωC0 is the dualizing sheaf of the nodal curve C0, which is the sheaf of meromorphic
1-forms with logarithmic poles allowed at the nodes. It is known that ωC0 is an invertible
sheaf.
Let v be a vertex of Γ and C0,v be the component of C0 corresponding to v. Then since
each component of C0 has three special points (they are the intersections with the toric
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divisors of the components of X0. Some of them are nodes of C0), ΘC0/O0|C0,v
∼= O(−1)
and ωC0 |C0,v ∼= O(−2 + s), here s is the number of nodes of the component.
From this, it is easy to see that when s = 1,
Γ(C0,v, (ϕ
∗
0ΘX/C/ΘC0/O0)
∨ ⊗ ωC0) = 0
holds.
When s = 2, we have
Γ(C0,v, (ϕ
∗
0ΘX/C/ΘC0/O0)
∨ ⊗ ωC0)
∼= Γ(C0,v, (ϕ
∗
0ΘX/C/ΘC0/O0)
∨)
on the corresponding component. Note that there is a following inclusion:
(ϕ∗0ΘX/C/ΘC0/O0)
∨ ⊂ (ϕ∗0ΘX/C)
∨ ∼= N∨C ⊗OC0 .
The edges emanating from v span one or two dimensional subspace Vv of NC. Then it is
clear that Γ(C0,v, (ϕ
∗
0ΘX/C/ΘC0/O0)
∨ ⊗ ωC0) is given by the subspace V
⊥
v ⊂ N
∨
C . Namely,
under the convention in Subsection 3.1, an element of Γ(C0,v, (ϕ
∗
0ΘX/C/ΘC0/O0)
∨) is given
by the following data:
(a) Give the zero vector of N∨C to the flag (v, E0), where E0 is the unique unbounded
edge emanating from v.
(b) Give ±α, where α ∈ V ⊥v , to the remaining flags associated to v.
Let us consider the case s = 3. For simplicity, first we consider the case n = 2. Let
C0,v and v be as above. In this case,
(ϕ∗0ΘX/C|C0,v/ΘC0/O0|C0,v)
∨ ∼= O(1)∨ ∼= O(−1)
holds when dim Vv = 2. When dim Vv = 1, then it becomes
(ϕ∗0ΘX/C0 |C0,v/ΘC0/O0 |C0,v)
∨ ∼= O.
Therefore, Γ(C0,v, (ϕ
∗
0ΘX/C/ΘC0/O0)
∨ ⊗ ωC0) is isomorphic to C when dim Vv = 2 and to
C2 when dimVv = 1. On the other hand,
Γ(C0,v, (ϕ
∗
0ΘX/C/ΘC0/O0)
∨ ⊗ ωC0) ⊂ Γ(C0,v, (ϕ
∗
0ΘX/C)
∨ ⊗ ωC0)
∼= N∨C ⊗ C〈τ1, τ2〉
on this component. Here τ1, τ2 are basis vectors of the space of meromorphic 1-forms
on C0,v allowing logarithmic poles at the three nodes of C0 contained in C0,v, which we
introduced in Subsection 3.1.
Let
(la, lb), (mc,md), (−la−mc,−lb −md)
be the slopes of the edges of the image h(Γ) emanating from h(v). Here l, m ∈ Z>0 are
the weights of the relevant edges and (a, b), (c, d) are the primitive integral vectors. Recall
that these edges correspond to the intersections between C0,v and the toric divisors of the
toric surface defined by a fan whose 1-skeleton is given by the tropical curve with the
unique vertex h(v) (see [17, Definition 5.1]).
Remark 37. When dimVv = 1, then the vectors (la, lb), (mc,md) and (−la−mc,−lb−
md) are all parallel (up to the orientation), and we can assume (a, b) = (c, d). Also, in
this case the fan defining the toric surface consists of two rays emanating from the origin
of R2 (and no two dimensional cone).
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We take an inhomogeneous coordinate z on C0,v so that the values of z at the points
corresponding to the edges of slopes (la, lb), (mc,md), (−la−mc,−lb−md) are 0, 1 and
∞, respectively. As in Subsection 3.1, we can take τ1, τ2 and local frames of the sheaf
ωC0 |C0,v at the nodes so that
τ1(0) = −τ1(∞) = 1, τ1(1) = 0
and
τ2(0) = 0, τ2(1) = −τ2(∞) = 1.
Lemma 38. Assume dimVv = 2. Let u1, u2 be the generators of (C·(a, b))⊥, (C·(c, d))⊥ in
N∨C such that u1((c, d)) = u2((a, b)) = 1. Then the space of sections Γ(C0,v, (ϕ
∗
0ΘX/C/ΘC0/O0)
∨⊗
ωC0) is given by the one dimensional subspace
C · 〈lu1τ1 −mu2τ2〉 ⊂ N
∨
C ⊗ C〈τ1, τ2〉.
In other words, the space of sections Γ(C0,v, (ϕ
∗
0ΘX/C/ΘC0/O0)
∨⊗ωC0) is given by the space
{(α1, α2, α3) ∈ C · (a, b)
⊥ ×C · (c, d)⊥ ×C · (la+mc, lb+md)⊥ | α1 + α2 + α3 = 0 ∈ N
∨
C}
Proof. The stalks of ΘC0/O0 at 0, 1, ∞ ∈ C0,v are spanned by (la, lb), (mc,md), and
(−la − mc,−lb − md), respectively, considered as subsets of NC ⊗ OC0,v . Sections of
Γ(C0,v, (ϕ
∗
0ΘX/C/ΘC0/O0)
∨ ⊗ ωC0) must annihilate these vectors, and this condition deter-
mines the mentioned subspace in the statement. 
Similarly, when dim Vv = 1, we have the following.
Lemma 39. Assume dimVv = 1 and (a, b) = (c, d). Let u be a generator of (C · (a, b))⊥
in N∨C . Then the space of sections Γ(C0,v, (ϕ
∗
0ΘX/C/ΘC0/O0)
∨ ⊗ ωC0) is given by the two
dimensional subspace
{(aτ1 + bτ2)u | a, b ∈ C} ⊂ N
∨
C ⊗ C〈τ1, τ2〉.
Note that again this space is presented as
{(α1, α2, α3) ∈ C · (a, b)
⊥×C · (c, d)⊥×C · (la+mc, lb+md)⊥ | α1 +α2 +α3 = 0 ∈ N
∨
C}.

From this, one sees that in the general case where n is an integer with n ≥ 2, the space
Γ(C0,v, (ϕ
∗
0ΘX/C/ΘC0/O0)
∨ ⊗ ωC0) is described as follows.
Lemma 40. The space Γ(C0,v, (ϕ
∗
0ΘX/C/ΘC0/O0)
∨ ⊗ ωC0) is naturally identified with the
subspace
(3) {(α1, α2, α3) ∈ C·(a, b)
⊥×C·(c, d)⊥×C·(la+mc, lb+md)⊥ | α1+α2+α3 = 0 ∈ N
∨
C}.
of N∨C ⊗ C〈τ1, τ2〉.
Proof. This follows from Lemmas 38 and 39 and the residue theorem. 
Using these results, we can combinatorially describe the dual space of obstructions.
Consider a vertex v of the graph Γ and let s be the number of bounded edges emanating
from it as above. We attach vectors in N∨C to the flags of Γ as follows.
(1) When s = 1, then give the zero vector to all the flags whose vertex is v.
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(2) When s = 2, then we give the zero vector to the unbounded edge and give values α
and −α to the remaining flags. Here α is a vector which belongs to the annihilator
subspace of the one or two dimensional plane spanned by the direction vectors of
the edges emanating from v.
(3) When s = 3, we give values α1, α2, α3 to the flags so that they satisfy α1+α2+α3 =
0 in N∨C . Here αi belongs to the annihilator subspace of the direction of the
corresponding edge.
Definition 41. We say that the set of these values attached to the flags is a compatible
labelling when the sum of the values of the two flags associated to each bounded edge is
zero.
This reflects the relation of the frames
dz1
z1
+
dz2
z2
= 0
at the corresponding node of C0, here z1, z2 are coordinates of the two branches at the
node.
By the argument so far, we have the following.
Proposition 42. The set of elements of the dual obstruction group H0(C0, (ϕ
∗
0ΘX/C/ΘC0/O0)
∨⊗
ωC0) has a natural one to one correspondence with the set of compatible labellings of the
flags of Γ. 
Now we study the set of compatible labellings. Let L = ∪iLi be the loop part of Γ
(Definition 18), where Li are bouquets. This is a closed subgraph of Γ. Let ΓT = Γ \ L.
The closure of a connected component of ΓT is a tree. There are two types of these trees,
namely:
(U) It contains only one flag whose vertex is contained in a loop.
(B) Otherwise.
By inductive argument, it is easy to see that all the flags in a component of type (U)
must have the value zero, including the unique flag whose vertex is contained in a loop.
For the type (B) too, we have the following result.
Lemma 43. All the flags of a component of type (B), including the flags whose vertices
are contained in the loops, must have the value 0 ∈ N∨C .
Proof. Note that Γ can be written in the form as in the following figure (Figure 3).
Here, each shaded disk corresponds to some component Li of the loop part of Γ. By
definition of {Li}, if we regard these disks as vertices, we obtain another tree Γ′.
Recall the above remark that all the edges contained in the components of type (U)
have the value zero. In Figure 3, this means that all the edges (outside the shaded disks)
except the ones labeled by a, b, c, · · · , m have the value zero. We call the edges outside
the shaded disks the bridges.
Now, by the fact that Γ′ is a tree, it is easy to see that there is a shaded disk such
that the bridges emanating from it have the value zero except one bridge. Let us call this
bridge r and call the remaining bridges emanating from the shaded disc a1, . . . , as. By
the condition that the sum of the values of the three edges emanating from each vertex
is zero, we see that the sum of the values attached to a1, . . . , as, r is zero. Since a1, . . . , as
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Figure 3.
have the value zero, it follows that r has also the value zero. By induction on the number
of shaded disks, we see that all the bridges, and so all the edges of the components of
type (B) also have the value zero. 
According to this lemma, we only need to consider the flags contained in some bouquet.
Let Li be a bouquet. This is a graph with 2-valent and 3-valent vertices. Every 3-valent
vertex v of Li determines a one or two dimensional subspace of NC spanned by the edges
emanating from it. We write it by Vv as before. Also, every edge E of Li determines a
one dimensional subspace of NC.
Let us describe the space H = H1(C0, ϕ
∗
0ΘX/C/ΘC0/O0)
∨. Let {vi} be the set of 3-valent
vertices of L. Cutting L at each vi, we obtain a set of piecewise linear segments {lm}
in h(Γ). Let Um be the linear subspace of NC spanned by the direction vectors of the
segments of lm. The following theorem follows from the argument so far.
Theorem 44. Let (Γ, h) be a 3-valent immersive tropical curve. Elements of the space
H are described by the following data.
(I) Give the zero vector of (NC)
∨ to all the flags not contained in L.
(II) Give a value in (Um)
⊥ ⊂ (NC)
∨ to each of the flags associated to the edges of lm.
(III) The data in (I) and (II) give an element of H if and only if the following conditions
are satisfied.
(a) At each vertex v of Γ,
u1 + u2 + u3 = 0
holds as an element of (NC)
∨. Here u1, u2, u3 are the data attached to the three
flags in Γ which have v as the vertex.
(b) The data in (II) is compatible on each edge of lm, in the sense that the sum
of the values attached to the two flags of any edge of lm is zero. 
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Theorem 45. Let (Γ, h) be a 3-valent immersive tropical curve. Then the number of
parameters to deform it is given by
(n− 3)(1− g) + e+ dimH,
here H is the space in Theorem 44.
Proof. Let us write the dimension of H0(C0, ϕ
∗
0ΘX/C/ΘC0/O0) by d1 and the dimension of
H1(C0, ϕ
∗
0ΘX/C/ΘC0/O0) by d2. In the proof of [17, Proposition 5.7] (see also Subsection
5.2 and Remark 80), it is shown that when the tropical curve (Γ, h) is immersive, d1 is the
same as the dimension of the parameter space of the corresponding tropical curve. Also, it
is known that the dimension of the cohomology group H0(C0, ω0) equals g (see [4, Exercise
3-4]). Therefore, the dimension of the cohomology group H1(C0, ϕ
∗
0ΘX0)
∼= H0(C0, ω
⊕n
C0
)∨
equals ng.
Then by the long exact sequence associated to the sequence (2) after Proposition 34,
we have the equality
d1 − d2 = (n− 3)(1− g) + e.
Note that dimH = d2. These observations prove the theorem. 
Remark 46. An important remark is that the sheaves ϕ∗0ΘX/C and ϕ
∗
0ΘX/C/ΘC0/O0 exist
even when the map ϕ0 does not exist globally. They can be constructed by gluing local
pieces on each component, and these local pieces are determined by the combinatorial data
of the tropical curve (Γ, h) around each vertex corresponding to the components of C0. In
particular, the space H also makes sense and Theorem 45 gives us the number of freedom
to deform the given immersive superabundant tropical curve even if a pre-log curve of type
(Γ, h) does not exist.
Remark 47. We see that it almost suffices to check the conditions only at the 3-valent
vertices of L. The conditions (I) and (III) (a) imply that at a 2-valent vertex of L, the
values u, u′ associated to the relevant two flags satisfy u + u′ = 0. Together with the
condition (III) (b), we see that on each lm, the values associated to the flags are unique
up to sign.
The following is immediate from this, because when the genus of Γ is one, there is no
3-valent vertex in L. See also [19].
Corollary 48. When (Γ, h) is an immersive 3-valent tropical curve of genus one, then
H ∼= U⊥, here U is the linear subspace of NC spanned by the direction vectors of the
segments of the loop of Γ. 
Corollary 49. When the tropical curve (Γ, h) is of genus one and immersive, a pre-log
curve of type (Γ, h) exists even if it is superabundant.
Proof. Let A be the minimal dimensional affine subplane of NR containing the loop part
of h(Γ). Then the loop part of h(Γ) defines a tropical curve (Γ¯, h¯) of genus one in A in a
natural way, and it is non-superabundant (or even regular in the sense of Definition 67).
Then there is a pre-log curve of type (Γ¯, h¯) by Proposition 77 (see also the last part of
Section 2). Since (Γ, h) is constructed from (Γ¯, h¯) by grafting trees, it is easy to see that
we can extend a pre-log curve of type (Γ¯, h¯) to a pre-log curve of type (Γ, h). 
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3.3. Examples.
Example 50. Let us consider immersive tropical curves Γ1 and Γ2 of genus two in R
3
given in Figure 4.
a
b
c
dΓ1 Γ2
Figure 4.
The curve Γ1 has 6 unbounded edges of the directions
(1, 0, 1), (1, 0,−1), (−1,−1, 1), (−1,−1,−1), (0, 1, 1), (0, 1,−1).
The bounded edges are:
• Three parallel vertical edges of the direction (0, 0, 1).
• Three pairs of parallel edges of the directions
(1, 0, 0), (−1,−1, 0), (0, 1, 0),
respectively.
The curve Γ2 is a modification of Γ1 at the vertices a and b. Namely:
(1) Delete the edge ab as well as the neighboring unbounded edges.
(2) Add a pair of parallel unbounded edges of the direction (−1, 0, 0), and a pair of
parallel bounded edges of the direction (1, 1, 0) of the same length.
(3) Connect the end points c, d of the bounded edges added in (2) by a segment of
the direction (0, 0, 1).
(4) Add unbounded edges of the directions (1, 1, 1), (1, 1,−1) at the vertices c, d, re-
spectively.
Using Theorem 44, it is easy to see that Γ1 is superabundant, while Γ2 is non-superabundant.
Namely, the sets of piecewise linear segments {lm} of these tropical curves are given by
the following three components, respectively (Figure 5).
We write the corresponding linear subspaces of NC ∼= C
3 by Ul1 , Ul2 , etc.. Then, using
standard nondegenerate quadratic form on C3 to identify it with its dual,
(Ul1)
⊥ ∼= C · (1, 0, 0), (Ul2)
⊥ ∼= C · (0, 1, 0), (Ul3)
⊥ ∼= C · (1,−1, 0).
Then it is easy to see that the space H for Γ1 is a one dimensional vector space. Thus,
Γ1 is superabundant.
On the other hand, since Ul′1
∼= C3, (Ul′1)
⊥ = {0}. From this, it is easy to see that the
space H for Γ2 is {0}. Therefore, Γ2 is non-superabundant.
20 TAKEO NISHINOU
l1 l2 l3 l2 l3
l1’
Figure 5.
Example 51. Plane tropical curves were studied by Mikhalkin [10] in great detail. There
it was shown that any conventional (that is, immersive and without multiple edges) plane
tropical curve is non-superabundant and smoothable. On the other hand, if we only
assume Assumption A, then even 3-valent immersive (in the sense of Definition 12) plane
tropical curves can be superabundant and non-smoothable. The simplest example is given
by the one in Figure 6.
A
E
F
B
Figure 6. The abstract graph (the picture on the left) is mapped into R2.
The edges E and F have the same image (the bold line in the picture on
the right).
In Figure 6, all the edges except E and F have weight two, while the edges E and
F have weight one. The loop part is the union of E and F , and the space H is one
dimensional. According to the study in [14], this tropical curve is smoothable if and only
if the lengths of the images of the edges A and B are the same.
4. Algebraic curves corresponding to higher valent vertices
Theorem 44 describes the superabundancy of immersive tropical curves in a satisfactory
way. However, from the point of view of the general study of superabundant tropical
curves, it is yet not satisfactory. The reason is that in the study of superabundant tropical
curves (and associated algebraic curves), non-immersive tropical curves appear in typical
situations.
In this section, we generalize Theorem 44 to describe the dual obstruction cohomology
group associated to algebraic curves corresponding to a tropical curve satisfying Assump-
tion A (in particular, it need not be immersive), see Theorem 64.
Contrary to the immersive case (Theorem 44), the description is not purely combinato-
rial reflecting the fact that higher valent vertices correspond to rational curves with k(≥ 4)
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marked points, which have their own moduli. Nevertheless, we will see later that the com-
binatorics of the tropical curve still have crucial data of the corresponding holomorphic
curves. This study owes a lot to the degeneration technique. Namely, given a curve we
want to study, the structure of its degeneration is not necessarily simple. However, in the
degenerate situation, we can reduce various calculation to the standard case (typically
curves of degree one in projective spaces). Thus, we can obtain important quantities such
as obstruction classes rather explicitly.
This study reveals the importance of higher valent vertices in the study of superabun-
dant tropical curves in various ways. In Subsection 6.1, we prove a new criterion for
the smoothability of superabundant tropical curves of genus one (Theorem 86) which is
totally different from the known criterion (well-spacedness condition [19, 14]). Also, we
study a superabundant tropical curve of genus two in which a higher valent vertex plays
a crucial role in the computation of the obstruction (Example 85).
4.1. Computation of the dual obstruction cohomology groups associated to
higher valent vertices. Let Γ0 be a 3-valent tree graph with unbounded edges (see the
beginning of Subsection 2.1). Let r be the number of vertices of Γ0. Then Γ0 has r + 2
unbounded edges. We assume all the edge weights of Γ0 are 1. We write by
E1, . . . , Er+2
the unbounded edges. Let
h0 : Γ0 → R
r+1
be the map which contracts all the bounded edges and maps the edges Ei onto the rays
as follows:
Ei → R≥0 · (0, . . . ,
i
1˘, . . . , 0), i = 1, . . . , r + 1,
Er+2 → R≥0 · (−1, . . . ,−1).
In particular, h0 maps all the vertices of Γ0 to the origin. Clearly this satisfies the
balancing condition and gives Γ0 a structure of a tropical curve.
Let (Γ, h), h : Γ → Rn, be a tropical curve which contains a subgraph such that the
restriction of h to it is isomorphic to (Γ0, h0) restricted to a suitable open subset containing
all the vertices. We regard this subset of h0(Γ0) as a subgraph of h(Γ). We assume (Γ, h)
satisfies Assumption A. Let X be a toric variety associated to (Γ, h) and X be a toric
degeneration of X defined respecting (Γ, h). Let ϕ0 : C0 → X0 be a pre-log curve of
type (Γ, h). We put a log structure on C0 so that the map ϕ0 extends to a morphism
between log schemes (with the log structure on X coming from the toric structure) and
the composition of ϕ0 and the projection X→ C is log smooth.
Remark 52. As we mentioned several times, in general, there exist tropical curves such
that there are no degenerate holomorphic curves of those types, even if we restrict our
attention to embedded tropical curves. Here we assume there is a degenerate holomorphic
curve of type (Γ, h).
Our purpose is to calculate the obstruction cohomology group H1(C0,Nϕ0) or its dual
H0(C0,N ∨ϕ0⊗ωC0) as in the previous section. HereNϕ0 = ϕ
∗
0ΘX/C/ΘC0/O0 is the log normal
sheaf. As before, the sheaf Nϕ0 is locally free, and elements of H
0(C0,N ∨ϕ0 ⊗ ωC0) can be
described by gluing the sections of N ∨ϕ0 ⊗ ωC0 restricted to components of C0. Therefore,
we first concentrate on the study of the restriction of N ∨ϕ0 ⊗ ωC0 to the component C0,v
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of C0 corresponding to the vertex v of h(Γ) which is modelled on the unique vertex of
h0(Γ0). It is easy to see the following.
Lemma 53. The restriction of Nϕ0 to C0,v is isomorphic to
OP1(1)
r ⊕On−r−1
P1
.

Let s be the number of nodes of C0 contained in C0,v. This is the same as the number
of the edges among h0(E1), . . . , h0(Er+2) which are the restrictions of the bounded edges
of h(Γ).
Lemma 54.
dimH0(C0,v,N
∨
ϕ0
⊗ ωC0 |C0,v) =
{
0, (s = 0, 1)
r(s− 2) + (n− r − 1)(s− 1), (s ≥ 2)
Proof. Note that the restriction ωC0,v = ωC0 |C0,v is isomorphic to OP1(−2 + s). Thus,
H0(C0,v,N
∨
ϕ0 ⊗ ωC0|C0,v)
∼= H0(C0,v, (OP1(−1)
r ⊕On−r−1
P1
)⊗OP1(−2 + s))
∼= H0(C0,v,OP1(−3 + s)
r ⊕OP1(−2 + s)
n−r−1).
The result follows from this. 
First, we assume all the edges E1, . . . , Er+2 are the restrictions of the bounded edges
of Γ, so that s = r + 2 (see Remark 59 for general cases). The sheaf ωC0,v is the sheaf
of meromorphic 1-forms such that they can have logarithmic poles at the points of C0,v
which are mapped to the toric divisors of the corresponding component X0,v of X0. By
the residue theorem, the residues a1, . . . , as at these poles sum up to 0:
a1 + · · ·+ as = 0.
Let us fix an affine coordinate ζ on C0,v such that the coordinates of the points corre-
sponding to the edges E1, . . . , Er+1, Er+2 are
p1, . . . , pr+1,∞.
Then we can take
σi =
dζ
ζ − pi
, i = 1, . . . , r + 1
as the basis of the space of the sections of ωC0,v .
Recall that the log normal sheaf Nϕ0 is the quotient ϕ
∗
0ΘX/C/ΘC0/O0 and the sheaf
ϕ∗0ΘX/C is naturally isomorphic to the sheaf N ⊗Z OC0 . Here N is the free abelian group
of rank n. Then the sheaf N ∨ϕ0 ⊗ ωC0 |C0,v can be seen as a subsheaf of the sheaf of N
∨
C -
valued meromorphic 1-forms. In particular, a section of the restriction of N ∨ϕ0 ⊗ ωC0 to
the component C0,v can be written in the form
(4)
r+1∑
i,j=1
ai,je
∨
i ⊗ σj +
n∑
i=r+2
r+1∑
j=1
ci,je
∨
i ⊗ σj ,
where ai,j and ci,j are complex numbers and {ei}, i = 1, . . . , n is a basis of N such that
{ei}, i = 1, . . . , r + 1 is a basis of the sublattice of N obtained as the intersection of N
with the subspace parallel to the affine subspace of NR spanned by the edges emanating
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from the vertex v. Note that {ei}, i = 1, . . . , r+1 can be taken so that ei is the direction
vectors of h(Ei). The set of vectors {e∨i } is the dual basis of {ei}.
Assumption 55. In this subsection, hereafter we assume n = r + 1 for notational sim-
plicity, since the directions e∨i , i ≥ r + 2 play rather trivial role.
By the argument as in Section 3, it is easy to see that at the pole corresponding to the
edge Ei, the vector valued residue of the above section should take a value in the subspace
e⊥i of N
∨
C . This implies the following.
Lemma 56. The coefficients of a section
∑r+1
i,j=1 ai,je
∨
i ⊗ σj of N
∨
ϕ0
⊗ ωC0 |C0,v satisfy
a1,1 = a2,2 = · · · = ar+1,r+1 = 0.

A general torically transverse curve of degree one in Pr+1 is defined by the equations of
the following form:
b2X1 +X2 + c2 = 0, b3X1 +X3 + c3 = 0, · · · , br+1X1 +Xr+1 + cr+1 = 0,
where Xi =
xi
xr+2
are affine coordinates of Pr+1 corresponding to e∨i , and xi are homoge-
neous coordinates of Pr+1.
When X2X3 · · ·Xr+1 6= 0, a log tangent vector of this line in Pr+1 is given by
X1∂X1 +
X2 + c2
X2
X2∂X2 + · · ·+
Xr+1 + cr+1
Xr+1
Xr+1∂Xr+1 .
A section of N ∨ϕ0⊗ωC0 |C0,v should annihilate this log tangent vector. Note that the vector
e∨i is naturally identified with the log cotangent vector
dXi
Xi
.
Let ζ be the parameter of C0,v given by ϕ
∗
0X1. Taking ζ in this way, the coordinate pi
of the pole of σi is given by
pi = −
ci
bi
, i = 1, . . . , r + 1,
here we take c1 = 0, b1 = −1 (thus, p1 = 0).
Then the above annihilating condition implies
r+1∑
i,j=1
ai,j
ζ
ζ − pi
·
1
ζ − pj
= ζ
r+1∑
i,j=1
ai,j
∏
l 6=i,j(ζ − pl)∏r+1
l=1 (ζ − pl)
= 0.
Thus, we have the following. Let us define a polynomial P (ζ) of ζ by
P (ζ) =
r+1∑
i,j=1
ai,j
∏
l 6=i,j
(ζ − pl) =
r−1∑
k=0
Ak(ai,j)ζ
k,
where
Ak(ai,j) = (−1)
r−1−k
r+1∑
i,j=1
∑
J⊂I\{i,j},
|J |=r−1−k
pj1 · · · pjr−1−kai,j
is a linear polynomial of ai,j . Here in the summation the set J = {j1, . . . , jr−1−k} runs
over all subsets of I \ {i, j} of cardinality r − 1− k.
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Lemma 57. The coefficients ai,j of a section
∑r+1
i,j=1 ai,je
∨
i ⊗ σj of N
∨
ϕ0 ⊗ ωC0 |C0,v satisfy
Ak(ai,j) = 0, k = 0, . . . , r − 1.

Remark 58. Note that Lemmas 56 and 57 give 2r+1 linear conditions to the coefficients
{ai,j}. These are all the conditions imposed on these coefficients, giving (r+1)2−(2r+1) =
r2 freedom to them. This is compatible with the dimension calculated in Lemma 54 (with
s = r + 2, n = r + 1).
Remark 59. When there are unbounded edges of Γ0 which are also unbounded in Γ, then
the numbers ai,j associated to these edges should be set to zero. Explicitly, when the edge
of direction ej is also unbounded in Γ, then ai,j, i = 1, . . . , r + 1 should be all zero.
4.2. Dual obstruction spaces for general vertices. So far we considered tropical
curves with a higher valent vertex whose image is locally isomorphic to the image of
the tropical curve (Γ0, h0) introduced at the beginning of Subsection 4.1. Such a vertex
corresponds to a line in a projective space. In this subsection we consider more general
higher valent vertices.
Namely, let us take a 3-valent abstract tree Γ1 with r + 2 unbounded edges so that
it is combinatorially isomorphic to Γ0. However, now we allow the edges of Γ1 to have
nontrivial weights (both on bounded and unbounded edges). Then consider a proper map
h1 : Γ1 → R
n = N1 ⊗ R,
where N1 is a free abelian group of rank n(≤ r + 1), with the following properties:
• The map h1 contracts all the bounded edges of Γ1.
• The map h1 gives a structure of a tropical curve to Γ1.
• The image of h1 is not contained in a proper affine hypersurface of Rn.
Remark 60. For applications, it is important to note that the map h1 may send some of
the unbounded edges to the same image. Although the image of these edges is a half line
which corresponds to a toric divisor through the construction in Subsection 2.2, a pre-log
curve of type (Γ1, h1) should intersect this toric divisor at several different points of the
domain curve (their images on the toric divisor can be the same), contrary to the cases
of conventional tropical curves. Also, the weight of the image is represented by a tuple of
positive integers. See [14].
Let us take a standard basis {e1, . . . , er+1} of Rr+1. Recall that the directions of the
edges of the image h0(Γ0) are given by e1, . . . , er+1 and f = −e1−· · ·− er+1. We write by
E1, . . . , Er+1 and F the unbounded edges of Γ0 which are mapped to the edges of these
directions by h0.
We fix the natural identification ι of the abstract graphs Γ0 and Γ1. Let
n1, . . . , nr+1 ∈ N1
be the primitive integral vectors of the directions of h1 ◦ ι(E1), . . . , h1 ◦ ι(Er+1). Let
w1, . . . , wr+1 be the weights of these edges.
Then define a linear map
Ξ: Rr+1 → Rn
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by extending the map
ei 7→ wini, i = 1, . . . , r + 1
linearly. It is easy to see that h0(Γ0) is mapped by Ξ onto h1(Γ1).
The images of the tropical curves (Γ0, h0) and (Γ1, h1) can be seen as non-complete
fans consisting of one dimensional cones. Let P(Γ0,h0) and P(Γ1,h1) be the toric varieties
defined by these fans. The map Ξ induces a map fΞ between toric varieties from P(Γ0,h0)
to P(Γ1,h1). The map fΞ sends pre-log curve of type (Γ0, h0) to pre-log curves of type
(Γ1, h1), and all pre-log curves of type (Γ1, h1) can be obtained in this way.
Let
ψ : P1 → P(Γ1,h1)
be a curve of type (Γ1, h1). Assume that ψ is obtained from a line ϕ : P
1 → Pr+1 by com-
posing with fΞ (note that P(Γ0,h0) is naturally an open subvariety of P
r+1). Its logarithmic
conormal sheaf N ∨ψ can be pulled back by the map fΞ. Note that a section of the sheaf
N ∨ψ ⊗ ωP1 can be seen as a 1-form on P
1 with values in (N1 ⊗ C)∨.
The map Ξ gives a linear map Zr+1 → N1, and it in turn induces a map between the
dual spaces
Ξ∗ : (N1 ⊗ C)
∨ → (Cr+1)∨.
Then the pull back f ∗ΞN
∨
ψ can be seen as a sheaf on P
1 with values in (Cr+1)∨. Since the
sheaf f ∗ΞN
∨
ψ is naturally a subsheaf of N
∨
ϕ , sections of f
∗
ΞN
∨
ψ ⊗ ωP1 can also be described
by the numbers {ai,j} given in Equation (4) in Subsection 4.1.
Let yi be the point of P
1 which is mapped by ϕ to the toric divisor of Pr+1 corresponding
to the edge Ei of Γ0 (i = 1, . . . , r + 1).
The fiber of N ∨ϕ at each yi can be identified with the annihilator subspace (Ei)
⊥ in
(Cr+1)∨ of the direction of the edge Ei.
Definition 61. Let Fi be the subspace of (Ei)
⊥ of codimension r+1−n which annihilates
the kernel of the map
ΞC : Z
r+1 ⊗ C→ N1 ⊗ C.
It is clear that the fiber of f ∗ΞN
∨
ψ at yi is canonically isomorphic to Fi.
Lemma 62. A section of f ∗ΞN
∨
ψ ⊗ ωP1 is described by the set of numbers {ai,j} with the
following properties.
• The vector valued residue
r+1∑
i=1
ai,je
∨
i
at yj is contained in Fj.
• The conditions given in Lemmas 56 and 57, namely
a1,1 = · · · = ar+1,r+1 = 0
and
Ak(ai,j) = 0, k = 0, . . . , r − 1
hold.
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Proof. It is clear that the conditions for {ai,j} in the statement are necessary to define a
section of f ∗ΞN
∨
ψ ⊗ ωP1.
For a general point z on P1, the fiber of N ∨ϕ is the annihilator of the (log) tangent
space of ϕ(z), which can be identified with a subspace of (Cr+1)∨, and the fiber of f ∗ΞN
∨
ψ
is the subspace Fz ⊂ (Cr+1)∨ consisting of the vectors which also annihilate the kernel
of the above map ΞC. Therefore, we need to show that if the numbers {ai,j} satisfy the
conditions in the statement, the value at z of the section of N ∨ϕ ⊗ωP1 determined by {ai,j}
is contained in Fz.
But this is easy to see. Namely, given the vector valued residue αj =
∑r+1
i=1 ai,je
∨
i at yj
as in the statement, the corresponding section of N ∨ϕ ⊗ ωP1 is given by
r+1∑
j=1
αjσj
as in Equation (4). Since the vectors αj all annihilate the kernel of ΞC, the value at any
point of P1 also annihilates it. This proves the lemma. 
4.3. Description of the dual obstruction spaces for general global pre-log curves.
The argument so far establishes the description of the dual space of obstructions restricted
to a component of a pre-log curve corresponding to a higher valent vertex of a tropical
curve. Now we consider the description of the dual spaces of obstructions of the original
pre-log curves.
Let (Γ, h) be a tropical curve satisfying Assumption A. Let ϕ0 : C0 → X be a pre-log
curve of type (Γ, h) in a suitable toric degeneration defined respecting (Γ, h). We would
like to give a description of elements of the space H = H0(C0,N ∨ϕ0 ⊗ ωC0).
As in the case of Theorem 44, which described the space H when the tropical curve
(Γ, h) is immersive, one can prove that the space H is determined by the contributions
from each bouquet of h(Γ).
Let L be the loop part of h(Γ) ⊂ NR ∼= Rn (see Definition 18 and Remark 20). Then,
as before, cut L at each 3- or higher valent vertex. Then we obtain a set of chains of
segments {lm}. Let Um be the linear subspace of NC spanned by the direction vectors of
the segments of lm.
Remark 63. Under Assumption A, it can happen that the inverse image of a vertex v of
h(Γ) has several connected components. Let {v1, . . . , vk} be the vertices of Γϕ0 mapped to
v, see Definition 29. Let n1, . . . , nk be the valence of these vertices. Then when we talk
about the valence of v, we regard it as a disjoint union of the vertices {v1, . . . , vk}. Namely,
we think that at the position of v, k vertices with valences n1, . . . , nk are overwrapping.
Then we can generalize Theorem 44 as follows.
Theorem 64. Elements of the space H are described by the following data.
(I) Give the value zero to all the flags not contained in L.
(II) Give a value in (Um)
⊥ ⊂ (NC)∨ to each of the flags associated to the edges of lm.
(III) The data in (I) and (II) give an element of H if and only if the following conditions
are satisfied.
(a) At each 3-valent vertex p of h(Γ),
u1 + u2 + u3 = 0
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holds as an element of (NC)
∨. Here u1, u2, u3 are the data attached to the three
flags in h(Γ) which have p as the vertex.
(b) At each r + 2-valent vertex (r ≥ 2) q, the data in (II) attached to the flags
whose vertex is q satisfy the condition in Lemma 62.
(c) The data in (II) is compatible in the sense that the sum of the values attached
to the two flags of any edge of lm is zero. 
There are several remarks for the notation in this theorem.
Remark 65. (1) Note that the numbers {ai,j} in Lemma 62 are associated to edges of
the tropical curve (Γ0, h0) in R
r+1, and the data in (II) determine these numbers
through the projection argument in Subsection 4.2.
(2) When the subspace spanned by the directions of the edges emanating from the higher
valent vertex q is strictly smaller than Rn, there are also the ci,j parts of (4) in
Subsection 4.1 (these ci,j do not have local constraints at each vertex, contrary to
{ai,j}).
(3) Also note that the numbers {ai,j} and {ci,j} are associated to r + 1 edges among
the r + 2 edges emanating from q. The residue at the point corresponding to the
remaining edge is determined from them by the residue theorem. For some choice
of r+1 edges out of the total r+2 edges, the numbers {ai,j} constructed from the
data in (I), (II) and this choice of the edges satisfy the condition (III)(b) above
if and only if the numbers {ai,j} satisfy it for any choice of r + 1 edges.
The proof of the theorem is the same as that of Theorem 44. This is the most general
form of the description of the space H for pre-log curves corresponding to tropical curves
satisfying Assumption A.
In view of Theorems 44 and 64, we give the following definition.
Definition 66. Let (Γ, h) be a tropical curve satisfying Assumption A. Then the support
of superabundancy of (Γ, h) is the closed subgraph Γss of h(Γ) such that for any edge E
of Γss, there is an element of H such that the value of it on the flags associated to E is
not zero.
Large part of results which are valid for superabundant curves of genus one can be
extended to those tropical curves whose support of superabundancy is a loop.
5. Regular tropical curves and smoothability
While our main concern is superabundant tropical curves, in this section we deal with
those tropical curves which are not superabundant. We include this section since the
technique used here is also useful in the later study of superabundant tropical curves.
On the other hand, the same technique allows us to deduce the optimal correspondence
theorem for regular tropical curves (see Theorem 78), generalizing results in [3, 14, 21].
5.1. Comparison of two definitions of superabundancy. We defined the superabun-
dancy of a tropical curve in Definition 21. On the other hand, there is another known
definition of superabundancy.
Let Γ be a weighted abstract graph as in the beginning of Subsection 2.1, but now
we allow that Γ is not necessarily 3-valent. Let h : Γ → NR be an embedding giving Γ
a structure of a tropical curve. We identify the graph Γ with its image. Let L be the
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loop part of Γ and let L[1] = {E1, . . . , El} be the set of edges in L seen as 1-chains of the
simplicial homology group (in particular, we choose an orientation for each Ei). Let ui
be the primitive integral vector in the direction of Ei.
Definition 67 ([3, Definition 4.1], see also [10, Section 2.6] and [7, Section 1]). The
tropical curve (Γ, h) is regular if the following abundancy map
Φ(Γ,h) : R
L[1] → Hom(H1(Γ), NR),
(ℓEi) 7→
(∑
i
ai[Ei] 7→
∑
i
ℓEiaiui
)
is surjective.
Remark 68. In [3], a tropical curve satisfying this condition is called non-superabundant.
We call it differently, since some people already call these tropical curves regular, and we
have used the word non-superabundant in Definition 21. Also, from the point of view of
Theorem 78 below, the use of the word regular for these tropical curve seems reasonable.
First we remark that this definition is the same as the following. Let us write
rankH1(Γ) = r
and choose r edges F1, . . . , Fr from L
[1] so that the graph Γ \ {F ◦1 , . . . , F
◦
r } is a tree. Let
Ni = NR/R · vi
be the quotient space, where vi is the primitive integral vector in the direction of Fi. Let
∂1Fi and ∂2Fi be the ends of Fi.
Note that since Γ \ {F ◦1 , . . . , F
◦
r } is a tree, for every (ℓEi) ∈ R
L[1]\{F1,...,Fr}, there is
a corresponding map from Γ \ {F ◦1 , . . . , F
◦
r } to NR with the length of Ei given by ℓEi
(the minus length means the direction inverse to the given direction in the original map
h). There are many such maps due to parallel transports, but the vectors ∂1Fi − ∂2Fi,
i = 1, . . . , r do not depend on the choice.
Lemma 69. The tropical curve (Γ, h) is regular if and only if the map
RL
[1]\{F1,...,Fr} → ⊕ri=1Ni,
(ℓEi) 7→ (∂1Fi − ∂2Fi)
is surjective. Here (∂1Fi − ∂2Fi) is the image of ∂1Fi − ∂2Fi ∈ NR in Ni. 
From this observation, we can see the following.
Proposition 70. Let (Γ, h) be a regular tropical curve. Then it can be deformed into an
immersive (in fact, embedded) 3-valent tropical curve of the same genus in the sense of
Definitions 8 and 12. Moreover, the deformed immersive tropical curve is also regular.
Proof. We identify Γ and h(Γ) as noted above. Let V ∈ Γ be a higher valent vertex. It
suffices to show that the star of any such V can be deformed into a 3-valent graph while
keeping the balancing condition and the homotopy type of the entire graph.
As in the above argument, take edges F1, . . . , Fr of Γ so that the graph Γ\{F ◦1 , . . . , F
◦
r }
is a tree. The interior F ◦i of these Fi may be either contained or not contained in the star
of V .
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Then perturb the star of V so that it becomes a trivalent tree graph ΓV satisfying the
balancing condition. Since Γ \ {F ◦1 , . . . , F
◦
r } is a tree, we can replace the intersection of
the star of V and Γ \ {F ◦1 , . . . , F
◦
r } by the graph ΓV \ {F
◦
1 , . . . , F
◦
r } without changing
the homotopy type and the slopes of the other edges. On the other hand, the difference
∂1Fi − ∂2Fi (which is clearly 0 in the original Γ) may have slightly changed through this
process.
However, due to Lemma 69, we can perturb the resulting graph so that the difference
∂1Fi − ∂2Fi becomes 0. Note that since the domain of the map of Lemma 69 consists
of the lengths of the part of the edges of Γ (and does not contain those of the newly
introduced edges in ΓV ), this perturbation can be done without changing ΓV .
Then the resulting graph can be completed by adding the edges Fi to produce a tropical
curve which has the same homotopy type as Γ. Note that the resulting tropical curve is
still regular (since introducing the new edges makes the domain of the abundancy map
larger, the surjectivity of the map is not affected). Repeating this process at all the higher
valent vertices, we obtain an embedded 3-valent tropical curve which is a deformation of
(Γ, h). 
In particular, we see the following.
Corollary 71. The set of regular tropical curves is contained in the set of non-superabundant
tropical curves.
Proof. It suffices to prove that a deformation of a given regular tropical curve into an
immersive tropical curve (which exists by Proposition 70) is non-superabundant in the
sense of Definition 21. This is equivalent to show that the dual obstruction space H
vanishes for pre-log curves of the type given by the deformed immersive tropical curve.
The existence of such a curve can be proved by the argument in [17, Proposition 5.7] and
the surjectivity of the abundancy map, see the argument before Proposition 76 below. In
fact, as we noted in Remark 46, the space H makes sense even without the existence of a
pre-log curve of the corresponding type, and the following argument is also valid in this
sense.
Now [3, Proposition 4.2] implies that, given a tropical curve, if the abundancy map is
surjective, then the space H vanishes for pre-log curves of the type given by the tropical
curve. Thus, tropical curves which are regular is non-superabundant. 
Remark 72. The statement of the corollary is a little imprecise in that regular tropical
curves in the sense of Definition 67 do not have the data of 3-valent domain graphs which
we always assume to be associated to tropical curves. Therefore, the inclusion makes sense
when we specify this data to each regular tropical curve (see also Corollary 73 below).
The proof of the proposition actually shows the following stronger statement.
Corollary 73. Let (Γ, h) be a regular tropical curve. Let {Vi} be the set of higher valent
vertices. The star of each Vi can be seen as an embedded tropical curve with one vertex.
Let ΓVi be any deformation of the star of Vi into an embedded 3-valent tropical curve.
Let Γ˜ be the abstract graph obtained from Γ by replacing the star of each Vi by ΓVi. The
embeddings of Γ and ΓVi into NR determine the combinatorial type of the graph Γ˜. Then
(Γ, h) can be deformed into an embedded 3-valent tropical curve whose domain is Γ˜ with
this combinatorial type. 
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Remark 74. Note that the graph ΓVi need not be a tree. In this case, of course the
resulting tropical curve may not be non-superabundant in general.
When the tropical curve is not regular, it may not deform into an immersive tropical
curve, see Example 19. However, smoothable tropical curves known so far behave well.
Therefore, we can pose the following question.
Question 75. Is there a smoothable tropical curve which does not deform into an im-
mersive tropical curve?
In [14], it is proved that for curves of genus one, there is no such a tropical curve. Note
that it can happen that a given tropical curve is smoothable, and it deforms into immersive
tropical curves, but any deformed immersive curve is not smoothable (see Example 83)
5.2. General correspondence theorem for regular tropical curves. As we dis-
cussed in [17, Proposition 7.3], the deformation of tropical curves of a fixed type is closely
related to the construction of a pre-log curve of the corresponding type. It is easy to see
that if (Γ, h) is a tropical curve satisfying Assumption A where Γ is a tree, then a pre-
log curve of the corresponding type always exists, regardless of whether there are higher
valent vertices or not.
Suppose we have an embedded regular tropical curve (Γ, h), and choose the edges
{F1, . . . , Fr} as before (Γ is not necessarily 3-valent). Then cut each Fi at the midpoint
and extend the cut edges to infinity. Also, add 2-valent vertices to the extended edges at
the points where there were the midpoints and where the extended edges intersect other
vertices (see Figure 7). The result can naturally be regarded as an immersed tropical
curve of genus zero. The midpoint qi of Fi now becomes the common image of 2-valent
vertices on two newly produced unbounded edges. Let us write this tropical curve by
(Γ′, h′). By the remark in the preceding paragraph, there is a pre-log curve ϕ′0 : C
′
0 → X0
of type (Γ′, h′) in the central fiber of a suitable toric degeneration.
Let us write by C ′0,i1 and C
′
0,i2
the components of C ′0 corresponding to the vertex qi
(as we noted above, since qi is the image of vertices on two different edges, there are
two components of C ′0 corresponding to it). The images of these components lie in the
same component of X0 and are the closures of orbits of the one dimensional subtorus
corresponding to the direction of Fi. However, these orbits are different in general. When
these images coincide, then by discarding other components of C ′0 corresponding to the
2-valent vertices of the new unbounded edges, one obtains a pre-log curve of positive genus
(see Figure 7).
Let us write by
Gi = N ⊗ C
∗/Gm · ui
the torus which is the quotient of the big torus acting on the components of X0 by the one
dimensional sub-torus corresponding to the direction of Fi. The difference of the positions
of the above two orbits determines a point of Gi (well-defined up to inversion. We fix one
choice).
The pre-log curve ϕ′0(C
′
0) can be regarded as the result of gluing of the components
corresponding to the vertices of Γ′. By the argument in [17, Proposition 7.3], the freedom
of changing the lengths of the edges of L[1] \{F1, . . . , Fr} corresponds to transporting each
component of C ′0 by the torus action. Now we briefly recall the construction.
GRAPHS AND OBSTRUCTION THEORY FOR ALGEBRAIC CURVES 31
qi
qi
Fi
(A)
(B)
Figure 7. First cut the edge Fi at the midpoint, extend the cut edges
to infinity, and add suitable 2-valent vertices (process (A)). We obtain a
tropical curve (Γ′, h′). Then consider pre-log curves of type (Γ′, h′). If
the two components corresponding to the vertex qi coincide, then we can
discard the other components corresponding to the 2-valent vertices on the
new unbounded edges, and obtain another pre-log curve which is of type
(Γ, h), with a 2-valent vertex qi added on the edge Fi (process (B)).
Namely, let (Γ1, h1) be a tropical curve where Γ1 is a tree and the image h1(Γ1) has only
one vertex (which we assume to be the origin). Let ψ : C → P be a torically transverse
curve of type (Γ1, h1). Here P is the toric variety defined by h1(Γ1) seen as a fan. Then
C is a nonsingular rational curve with |∆Γ1 | marked points. Here |∆Γ1| is the number of
unbounded edges of Γ1. Each unbounded edge of h1(Γ1) determines a one dimensional
subtorus of the torus acting on P.
Now the tropical curve (Γ′, h′) is obtained by gluing pieces like h1(Γ1). Let V be the
number of vertices of h′(Γ′) and let {v1, . . . , vV } be the set of these vertices.
Each vertex has the freedom of parallel transport, which we write by Rn. In the product
space (Rn)V , let T be the set of the directions tangent to the parameter space of tropical
curves containing (Γ′, h′). This means that if a = (a1, . . . , aV ) ∈ T , and if e is a bounded
edge of h′(Γ′) whose ends are vi, vj, then ai ≡ aj in Rn/R · ue. Here ue is the direction
of the edge e. Discarding the freedom of the overall parallel transport, we consider the
quotient space T/Rn. We may think this as fixing the position of one vertex (say, v1) so
that a1 = 0. Since Γ
′ is a tree, each edge has a well-defined direction pointing opposite
to the vertex v1.
The space T/Rn has a natural integral structure, and its set of generators is given by
the integral generators of the bounded edges of h′(Γ′) in the direction mentioned above.
Namely, since Γ′ is a tree, deformations of h′(Γ′) (modulo parallel transports) are given
by changing the lengths of the bounded edges. Let b1, . . . , bc be these set of generators.
Then,
T/Rn ∼= ⊕ci=1Zbi ⊗ R.
32 TAKEO NISHINOU
Changing the length of the edge ei of the direction bi by unit integral length deforms
the map h′ and displaces some vertices. Namely, the edge ei divides h
′(Γ′) into two parts,
one of them contains the vertex v1. The above change transports the vertices on the part
not containing v1 by bi. This attaches a vector in (R
n)V−1 to bi, which we write by τ(bi)
(the −1 corresponds to the cancelled freedom of the vertex v1). Therefore, we have a
homomorphism
τ : T/Rn → (Rn)V−1
extending the map
bi 7→ τ(bi)
linearly.
Furthermore, recall that the graph h′(Γ′) has a pair of 2-valent vertices associated to
the edges F1, . . . , Fr. We write them by v1,1, v1,2, v2,1, v2,2, . . . , vr,1, vr,2. These are a part
of the set of vertices {v1, . . . , vV } above. Therefore, to each bi and vj,k, we attach a vector
τj,k(bi) ∈ Rn. Restricting the domain of the map τ to the subspace corresponding to the
edges in L[1] \ {F1, . . . , Fr}, we have another linear map
τ¯ : RL
[1]\{F1,...,Fr} → ⊕ri=1(R
n/R · ui)
given by extending the map
bi 7→ (τj,1(bi)− τj,2(bi))j=1,...,r
linearly. Here ui is the direction of the edge Fi. The regularity of (Γ, h) is equivalent to
the claim that this map is surjective.
Now let X ′0 be the central fiber of a toric degeneration defined respecting (Γ
′, h′). For
each vertex vi, there is the corresponding component X
′
0,i. Let ϕ
′
0 : C
′
0 → X
′
0 be a pre-log
curve of type (Γ′, h′), which exists since (Γ′, h′) is a tree. For any component X ′0,i, it gives
a pre-log curve ϕ′0,i : C
′
0,i → X
′
0,i of type vi in X
′
0,i in the sense of Definition 27. Here we
regard the star of vi in h
′(Γ′) as a (open subset of) tropical curve with one vertex.
Consider the group (C∗)L
[1]\{F1,...,Fr}. Let ζ = (ζ1, . . . , ζK) be an element of it, here
K = ♯(L[1] \{F1, . . . , Fr}). It acts on each component ϕ′0,i(C
′
0,i) of ϕ
′
0(C
′
0) by the action of
(ζ
τi(b1)1
1 · · · ζ
τi(bK)1
K , . . . , ζ
τi(b1)n
1 · · · ζ
τi(bK )n
K ) ∈ N ⊗ C
∗. Here τi(bj) = (τi(bj)1, . . . , τi(bj)n) ∈
Zn is the component of τ(bi) ∈ (Zn)V−1 corresponding to the vertex vi.
By construction, the action of (C∗)L
[1]\{F1,...,Fr} on each component is compatible with ϕ′0
in the sense that the resulting components on X ′0,i glue again so that it can be regarded as
the image of another pre-log curve ζ ·ϕ′0 : C
′
0 → X
′
0 of type (Γ
′, h′). Note that the domain
curve C ′0 does not change through the action.
In this way, we have an action of (C∗)L
[1]\{F1,...,Fr} on the set of pre-log curves of type
(Γ′, h′) with the fixed domain curve C ′0. Recall that the curve C
′
0 contains two compo-
nents corresponding to each of the edges {F1, . . . , Fr}. Let Di,1, Di,2 be these components
corresponding to the edge Fi. They are mapped by ϕ
′
0 to the same component X
′
0,i of X
′
0,
and their images are the closure of the orbit of the action of a one dimensional subtorus
of T. The difference of these orbits gives an element of Gi = N ⊗ C
∗/Gm · ui introduced
above.
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This determines the map
ΦC(Γ,h) : (C
∗)L
[1]\{F1,...,Fr} →
r∏
i=1
Gi
which is the C∗-tensored version of the map τ¯ above.
Therefore, the regularity of (Γ, h) implies the following statement for the pre-log curves.
Proposition 76. The above map ΦC(Γ,h) is surjective. 
This results in the following proposition. Let (Γ, h) be an embedded regular tropical
curve (recall that in this case Γ need not be 3-valent). For each vertex v of h(Γ), take
any torically transverse curve C0,v of type v (see Definition 27) in the corresponding
component X0,v of the central fiber X0 of a toric degeneration defined respecting (Γ, h).
Note that C0,v is a rational curve with rv fixed marked points, where rv is the number of
the edges emanating from v.
Proposition 77. Under the situation of the above paragraph, there is a pre-log curve
of type (Γ, h) whose component corresponding to v is isomorphic to the given C0,v as a
rational curve with marked points. 
In particular, regular tropical curves can be realized at least as a degenerate holomorphic
curve.
Now the main result of [3] states that once we have a pre-log curve whose type is given
by a regular tropical curve, then it is smoothable. Combining it with Proposition 77, we
have the following optimal form of the corresponding theorem for regular tropical curves.
Theorem 78. Any regular tropical curve is smoothable. 
Remark 79. The proof of this theorem was originally given in the first version of the
preprint [14] and also by Tyomkin [21] in immersive cases. Recently it was proved by
Cheung, Fantini, Park and Ulirsch [3] with broader applicability, but still under technical
assumptions.
Remark 80. Even when (Γ, h) is not regular, once one knows the existence of a pre-
log curve of type (Γ, h), then the above argument shows that the set of deformations of
the pre-log curve with the fixed domain curve can be essentially identified with the set of
deformations of (Γ, h) with Γ fixed (in this case, we assume h is an immersion while we
do not assume Γ to be 3-valent). Precisely, the tangent space of the parameter space of
the pre-log curves is canonically isomorphic to that of the parameter space of the tropical
curves with C∗ tensored. Generally speaking, the space of deformations of pre-log curves
are the same as that of tropical curves, and there are no obstruction to these deformations,
contrary to the deformation to the curves on general fibers.
6. Higher valent vertices and smoothability
In this section and the next, we study aspects of degenerate algebraic curves whose
dual intersection complexes have higher valent vertices. Usually, the study of algebraic
curves through tropical curves depends on the rather precise correspondence between
the freedom of deforming these curves. In particular, 3-valent immersive tropical curves
constitute a natural class to study ([10, 19, 21]), since a 3-valent vertex corresponds to a
rational curve with three special points, which has no moduli.
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However, in the study of curves with positive genus, tropical curves with higher valent
vertices appear all over the place. These vertices correspond to rational curves with
more than three special points, which have their own moduli. Therefore, at first sight the
tropical curves seem to miss lots of information about algebraic curves. For example, even
when one can resolve a higher valent vertex into 3-valent vertices by deforming a given
tropical curve, such a freedom does not always correspond to a freedom to deform algebraic
curves. Nevertheless, we will see that combinatorial information of tropical curves quite
effectively restore the information of algebraic curves. This is particularly true when the
curve is genus one, and in this case we can actually read off all the information about the
smoothability of corresponding degenerate algebraic curves.
The process in the study of correspondence between tropical curves and algebraic curves
is two fold. The first is constructing degenerate algebraic curves of the type specified by
a given tropical curve. The second is the calculation of the obstruction to deform the
degenerate curves. So far the second point has been studied by many authors. This
should be partly because the first point is not very intricate for regular tropical curves,
as we saw in the previous section. However, the first point turns out to be as crucial as
the second one when one considers superabundant tropical curves.
We consider the second point for superabundant tropical curves with higher valent
vertices in this section. In the next section, we solve the first point for tropical curves of
genus one.
6.1. Examples of tropical curves with higher valent vertices and obstruction.
In this subsection, we begin with several examples of tropical curves relevant to the theory
we developed so far. Particular emphasis is put on examples which exhibit phenomena
peculiar to higher valent vertices.
Example 81. First we consider the following tropical curve (Γ, h) of genus one in R3, see
Figure 8.
E4
E3
V
Figure 8.
Here the vertex V is the standard 4-valent vertex (that is, the directions of the edges
emanating from it are −e1,−e2,−e3 and f = e1 + e2 + e3). The direction of the edge E4
is f and that of E3 is −e3. The complement of the edges E3 and E4 in h(Γ), which we
write by L◦, is contained in an affine plane parallel to the plane spanned by e1 and e2.
The abstract 3-valent graph Γ is isomorphic to the graph which resolves the vertex V into
two 3-valent vertices by introducing an edge of direction e1 + e2.
It is easy to see that this is a superabundant tropical curve. Moreover, there is no pre-
log curve of type (Γ, h) in any toric degeneration respecting (Γ, h). Namely, since the part
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L◦ is contained in an affine plane, the function z corresponding to e∨3 (where {e
∨
1 , e
∨
2 , e
∨
3 }
is the dual basis of {e1, e2, e3}) restricted to the part of a pre-log curve corresponding
to L◦ has the constant value (note that the vertex V is not contained in L◦). Therefore
the curve corresponding to the vertex V should have the same value of z at the two
points corresponding to the two bounded edges emanating from it. However, since the
curve corresponding to V is a line in P3, this is impossible if we also require the torically
transversality. 
Example 82. There are even embedded tropical curves to which a pre-log curve of the
given type does not exist. The following is one of such tropical curves (G. Mikhalkin also
found a similar example).
Consider the following tropical curve of genus two in R3 = Z3 ⊗ R, see Figure 9.
v
v’
Figure 9.
Here the directions and the lengths of the edges emanating from the vertex v′ (drawn by
bold lines in the figure) are exactly the same as those emanating from the vertex v, but all
the edges emanating from v′ have weight two, while all the other edges have weight one.
Assume that the direction vectors of the edges emanating from v (and also v′) generates
the lattice given by the intersection of Z3 and the affine plane spanned by these edges.
The loop part of this tropical curve is the following (see Figure 10).
v
v’
l
m
n
Figure 10.
By cutting at the 3-valent vertices, the loop part decomposes into three parts l, m and
n. Let Ll, Lm and Ln be the two dimensional subspaces of R
3 spanned by the direction
vectors of the edges contained in l, m and n, respectively. Let L⊥l , L
⊥
m and L
⊥
n be the one
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dimensional subspaces of the dual space (R3)∨ which annihilate vectors in Ll, Lm and Ln
respectively.
By the above assumption, the integral generators of any two of the spaces L⊥l , L
⊥
m, L
⊥
n
generate a rank two saturated sublattice of (Z3)∨.
In particular, these generators can be thought of as affine coordinates of the projective
plane P2, and the lines (in the sense of [17, Definition 5.1], see Subsection 2.2) correspond-
ing to the vertices v and v′ can be identified with lines in P2. The line corresponding to
the vertex v is the line (that is, a curve of degree one) in the usual sense. However, the
line corresponding to the vertex v′ has degree two and intersects each toric divisor with
multiplicity two.
Now let x, y be affine coordinates of P2 mentioned above. Then a torically transverse
degree one curve can be described by the defining equation
px+ qy + 1 = 0,
where p and q are nonzero complex numbers. Its intersection with the toric divisors have
coordinates
(x, y) =
(
−
1
p
, 0
)
,
(
0,−
1
q
)
and (
1
x
,
y
x
)
=
(
0,−
p
q
)
.
In particular, writing α = −1
p
, β = −1
q
and γ = −p
q
, we have
αβ−1γ = −1.
On the other hand, one can see that the same product of the coordinates of the intersection
between a line in P2 corresponding to the vertex v′ and the toric divisors is one. Thus,
there is no pre-log curve of the type given by the above tropical curve.
Example 83. Let us consider a tropical curve which is slightly different from the one in
Example 81, see Figure 11. This is also a superabundant tropical curve as in Example 81.
E4
E3
V
Figure 11.
Now the vertex V is the standard 4-valent vertex magnified in the e3 direction by two
times, and the edge E3 has weight two. The part L is not affected by this, and the
condition that the component of a pre-log curve corresponding to the vertex V should
have the same value of the function z at the two points associated to the edges E1 and
E2 can now be satisfied. Here z is the function corresponding to e
∨
3 . Also, E1 and E2 are
GRAPHS AND OBSTRUCTION THEORY FOR ALGEBRAIC CURVES 37
the bounded edges emanating from V . In particular, their directions are generated by
−e1 and −e2, respectively.
Explicitly, take any line (in the usual sense) in P3 whose z-coordinates at the intersec-
tions with the toric divisors corresponding to E1 and E2 are α and −α, respectively. Here
α is any nonzero complex number. Then the image of such a line by the map between
toric varieties associated to the map magnifying the e3 direction by two times gives the
desired pre-log curve corresponding to the vertex V . Thus, in this example there is a
pre-log curve of type (Γ, h).
Now let ϕ0 : C0 → X0 be such a pre-log curve and let us calculate the dual obstruction
based on Theorem 64. This calculation is done by solving the equations imposed on the
numbers {ai,j} associated to the vertex V , see Subsection 4.1. According to the Lemma 62,
we attach to the edges E1, E2 and E3 the numbers {a2,1, a3,1}, {a1,2, a3,2} and {a1,3, a2,3},
respectively.
Since E3 is an unbounded edge, the numbers a1,3, a2,3 must be zero. Let ζ be an affine
coordinate of the component C0,V of C0 whose value is zero at the node corresponding
to the edge E1. Let p2 and p3 be the values of ζ at the node corresponding to the edge
E2 and the point corresponding to the unbounded edge E3, respectively. Moreover, by
condition (III)(c) of Theorem 64, a1,2 and a2,1 must also be zero. Then the polynomial
P (ζ) introduced in Subsection 4.1 is
a3,1(ζ − p2) + a3,2ζ = (a3,1 + a3,2)ζ − a3,1p2.
Thus, for the given configuration ϕ0 of C0, an element of the dual obstruction space H
is given by the data {ai,j} which satisfy
a3,1 + a3,2 = 0
and
a3,1p2 = 0.
Since p2 is not zero, these conditions imply that the space H is {0}. In other words, if
there is a pre-log curve of the type given by the above tropical curve, then its obstruction
automatically vanishes, though the tropical curve itself is superabundant. 
Remark 84. The existence of pre-log curves of type (Γ, h) of genus one and the smootha-
bility of those curves will be generalized much further in Subsection 6.2.
6.1.1. Well-spacedness condition for higher genus curves with higher valent vertices. Higher
valent vertices are indispensable in the study of higher genus curves. We give an example
exhibiting a new phenomenon caused by a higher valent vertex which is important to the
study of higher genus curves.
Example 85. We consider a tropical curve (Γ, h) of genus two in R3, see Figure 12.
Here the two loops are contained in different planes. Assuming the existence of a pre-
log curve of type (Γ, h) in the central fiber of a suitable toric degeneration, we calculate
the dual obstruction space H .
If the 4-valent vertex V is resolved into two 3-valent vertices (see Figure 12), then by
Theorem 44, the space H is two dimensional. We now see the effect of the existence of
the 4-valent vertex to the space H .
As in the previous example, we associate the numbers ai,j , i, j = 1, 2, 3 to the edges
E1, E2, E3 emanating from V . We define the numbers ai,j (see (4) in Subsection 4.1) using
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E1
E2
E3
V
Figure 12. A tropical curve of genus two with a 4-valent vertex (Γ, h) (the
picture on the left), and its deformation (the picture on the right).
the pull back of the component C0,V of C0 to a linear curve in P
3. The equation P (ζ) = 0
in Subsection 4.1 becomes
(a1,2 + a2,1)(ζ − p3) + (a2,3 + a3,2)(ζ − p1) + (a3,1 + a1,3)(ζ − p2) = 0.
As before, we take the coordinate ζ on the component of the degenerate curve correspond-
ing to the vertex V so that p1 = 0. Then the equation implies the conditions
a1,2 + a2,1 + a2,3 + a3,2 + a3,1 + a1,3 = 0, (a3,1 + a1,3)p2 + (a1,2 + a2,1)p3 = 0.
Theorem 64 implies further conditions
a1,2 = a2,1 = 0, a1,3 + a2,3 = 0.
Since p2 is nonzero, these equations imply
a1,3 = a3,2 = −a3,1 = −a2,3
and the other ai,js are zero. These numbers can be extended to the whole loop part.
Thus, in this case the space H is one dimensional and the generator of it has support on
the whole loop part, contrary to the resolved curve (the picture on the right of Figure
12. In that case the space H is two dimensional and the generators are supported on
the individual loops). Thus, the 4-valent vertex cancels part of the dual obstruction, and
mixes up the rest.
Using the calculation in [14], we can deduce the criterion for the smoothability of
tropical curves of genus two which has (Γ, h) as a subgraph. Namely, extending the well-
spacedness condition for genus one curves (see [14, 19]), a curve in the following Figure
13 is smoothable.
Here the edge F1 is not contained in the affine subplane spanned by the edges in the
loop containing E3, and the edge G1 is not contained in the affine subplane spanned by
the edges in the loop containing E1, E2. Moreover, the integral lengths of the edges F2
and G2 should be the same. The case when the lengths of F2 and G2 are infinity (that is,
the picture on the left of Figure 12) is also smoothable. 
GRAPHS AND OBSTRUCTION THEORY FOR ALGEBRAIC CURVES 39
E1
E2
E3
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F2
G1
G2
Figure 13.
6.2. Smoothability of tropical curves whose support of superabundancy has
genus one. In this subsection we prove a general result concerning the smoothability of
a pre-log curve corresponding to tropical curves of genus one which have higher valent
vertices at the loop. More generally, it applies to tropical curves whose supports of
superabundancy are of genus one (see Definition 66). This smoothability criterion has a
very different form compared to the known criterion (the well-spacedness condition, see
[14, 19]. A hint of it can be found in [7, 20]). This plays a fundamental role in the study
of algebraic curves through degeneration. See for example [14].
Theorem 86. Let h : Γ → Rn be a tropical curve satisfying Assumption A. Suppose its
support of superabundancy L is of genus one. We assume the following.
• Let {Fj} be the set of flags of (Γ, h) whose vertices are on L. There is a natural
direction vj of R
n determined by each Fj. Then these directions span R
n.
Then, if ϕ0 : C0 → X0 is a pre-log curve of type (Γ, h) in the central fiber of a suitable
toric degeneration, the curve ϕ0 is smoothable.
Remark 87. Note that this theorem does not insist anything on the existence of a pre-log
curve of type (Γ, h), and the existence of such a curve is an assumption. As Examples 81
and 83 show, the existence of such a curve is a nontrivial problem. In the case of genus
one, we have a solution to this problem, see the next section.
Proof. We prove that under the assumption of the theorem, the space H of the dual
obstructions is {0}. Then the obstruction to deform ϕ0 automatically vanishes, and it
follows that ϕ0 is smoothable.
Let V1, . . . , Vl be the higher valent vertices on L and take one of them. We write it by
Va. Let Ea,1, . . . , Ea,ka be the edges of h(Γ) emanating from Va, and let Ea,1 and Ea,2 be
the edges contained in L. We write by Ba the subspace of R
n spanned by the directions
of the edges Ea,1, . . . , Ea,ka.
By the argument in Subsections 4.1 and 4.2, we attach numbers {ai,j} and {ck,l} to the
vertex Va as in the expression (4) in Subsection 4.1.
40 TAKEO NISHINOU
By Theorem 64, it is easy to see that the numbers ai,j and ck,l attached to the edges
except Ea,1 and Ea,2 must be zero. In particular,
ai,j = 0, j ≥ 3.
The equation P (ζ) = 0 (see Subsection 4.1) becomes into the form
∑
j=1,2
ka−1∑
i=1
ai,j
∏
l 6=i,j
(ζ − pl) = 0,
where ζ is a coordinate on C0,Va which is zero at the point corresponding to the edge Ea,1.
Substituting ζ = pi, i = 3, . . . , ka − 1, we have a series of equations
(pi − p2)ai,1 + piai,2 = 0, i = 3, . . . , ka − 1.
On the other hand, by the residue theorem we also have the equations
ka−1∑
j=1
ai,j = 0, i = 1, . . . , ka − 1.
Note that ζ =∞ corresponds to the edge Ea,ka and the residue there is zero by the same
reason as ai,j = 0 for j ≥ 3 above.
It follows that a1,2 = a2,1 = 0. Also, since pi, i = 2, . . . , ka−1, are nonzero, the equation
(pi − p2)ai,1 + piai,2 = 0 cannot be proportional to ai,1 + ai,2 = 0, i = 3, . . . , ka − 1. Thus,
all the numbers ai,j must be zero. This is imposed at all higher valent vertices on L.
Therefore, the only nonzero terms attached to higher valent vertices are ci,j associated
to the directions in N∨R which annihilate the subspace Ba of NR defined above. Then, by
Theorem 64, it follows that the space H is naturally contained in the space N∨R and a
vector in H must annihilate all the directions of the edges attached to a vertex on L. By
assumption, these directions span NR, and the space H must be zero. 
Remark 88. If the directions of the edges emanating from the vertices on L do not span
NR, the space H is identified with the annihilator subspace of the space spanned by these
directions. The vanishing of the remaining obstruction is then argued by the method in
[14].
The proof actually shows the following. Namely, let (Γ, h) be a tropical curve satisfying
Assumption A. Let V be a vertex of h(Γ) with valence k ≥ 4. We attach numbers {ai,j}
and {ci,j} to the edges emanating from V as in (4) in Subsection 4.1.
Corollary 89. If these numbers except the ones attached to two of the edges vanish, then
these numbers entirely vanish. 
This is a statement which does not depend on the genus of the curve, and often reduces
the dimension of the (dual) obstruction space of curves of higher genus.
The same argument applies to the cases where the numbers attached to more than two
edges are (possibly) nonzero. Let E1, E2, E3, . . . , Ek be the edges emanating from V and
assume that all the numbers attached to the edges except E1, E2, E3 are zero (for example,
assume that the edges E4, . . . , Ek are all unbounded). Then we have the following.
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Proposition 90. The numbers {ai,j} satisfy the relations
a1,2 + a1,3 = 0,
a2,1 + a2,3 = 0,
a3,1 + a3,2 = 0,
ai,1 + ai,2 + ai,3 = 0, (i = 4, 5, . . . , k − 1)
ai,1
pi
+
ai,2
pi−p2
+
ai,3
pi−p3
= 0, (i = 4, 5, . . . , k − 1),
here we used the same notation as in the proof of the theorem. In this case, these cover
all the local relations imposed on the numbers {ai,j}. 
Local means that they are the consequence of Lemma 57. In general, relations given
by Theorem 64 give more constraints.
The relations of the same form also hold in the case where there are more than three
edges on which the attached numbers can be nonzero. However, in such cases these
relations do not cover all the constraints given by Lemma 57, and there will be more
complicated relations. Nevertheless, as Example 85 shows, in many cases the relations
from Theorem 64 reduce the freedom of the numbers and the result becomes simple.
7. Pre-log curves of genus one and lattice point count
Theorem 86 shows that a part of the obstruction vanishes on degenerate algebraic curves
corresponding to superabundant tropical curves of genus one when there are higher valent
vertices on the loop. On the other hand, as Examples 81 and 82 show, when the tropical
curve is superabundant, in general there are cases where corresponding pre-log curves do
not exist and understanding when there are such curves is a rather complicated problem.
However, when the curve is of genus one, this problem can be solved, as we will see below.
Let (Γ, h), h : Γ→ Rn = N ⊗R be a tropical curve of genus one satisfying Assumption
A. Let L˜ ⊂ h(Γ) be the union of all the open edges emanating from vertices on the loop
and the loop itself (in other words, L˜ is the ’open star’ of the loop part L of h(Γ)).
The part L˜ can be thought of as (the image of) a tropical curve by extending the open
edges to infinity. We write it by (Γ′, h′). If there is a pre-log curve of type (Γ′, h′), it is
easy to see that there is also a pre-log curve of type (Γ, h), since Γ \Γ′ is a union of trees.
Thus, we assume there are no vertices outside L, so that h(Γ) equals L˜. We also assume
that the image h(Γ) is not contained in a proper subspace of Rn.
Under these assumptions, if h is an immersion, then it is easy to see that the tropical
curve (Γ, h) is regular, and there is a pre-log curve of type (Γ, h) by Proposition 77.
Therefore, the problem is the case where higher valent vertices exist.
Let A be the minimal affine subspace of NR ∼= Rn containing the loop of h(Γ). Let A¯ be
the linear subspace of NR parallel to A. Take a basis {e1, . . . , en} of N so that {e1, . . . , er}
is a basis of A¯. Let {e∨1 , . . . , e
∨
n} be the dual basis of {e1, . . . , en}.
Let X be a toric degeneration defined respecting (Γ, h) (see Definition 23) and X0 be
its central fiber. A pre-log curve ϕ0 : C0 → X0, if it exists, can be obtained by gluing
irreducible components ϕ0,v : C0,v → X0,v, where v is a vertex of h(Γ).
Recall that the degeneration X is defined by a fan in (N ⊕Z)⊗R having non-negative
part with respect to the Z ⊗ R summand. Let u be the positive generator of the Z-
summand of N ⊕ Z and consider the dual basis e∨1 , . . . , e
∨
n , u
∨ of the basis e1, . . . , en, u
of N ⊕ Z. For any vertex v of h(Γ), and any vector w in N∨, there is a function on X
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corresponding to the vector w + ju∨ for a unique integer j (which depends on v) such
that it is not constantly 0 or ∞ on the component X0,v of the central fiber X0 of X
corresponding to the vertex v. We call this the function corresponding to w on X0,v.
Since the loop of h(Γ) is contained in the affine subspace A, it follows that there are
functions Zr+1, . . . , Zn on X corresponding to e
∨
r+1, . . . , e
∨
n with the property that any of
which is not constantly zero or diverges on the whole component X0,v. Here v is any
vertex on the loop of h(Γ).
For such a vertex v, let ϕ0,v : C0,v → X0,v be a pre-log curve of type v in the sense of
Definition 27. The star of v in h(Γ) has two edges contained in the loop of h(Γ). We
write them by Ev,1 and Ev,2. Let pv,1 and pv,2 be the points on ϕ0,v(C0,v) corresponding
to these edges. In particular, these points are contained in toric divisors of X0,v.
Let {v1, . . . , vk} be the vertices on the loop of h(Γ) ordered cyclically. The vertex v1 is
also referred to as vk+1. We assume the edges Evi,2 and Evi+1,1 coincide.
Lemma 91. If there are pre-log curves ϕ0,vi : C0,vi → X0,vi such that
Zj(pvi,2) = Zj(pvi+1,1), ∀j ∈ {r + 1, . . . , n}, ∀i ∈ {1, . . . , k},
then there is a pre-log curve of type (Γ, h).
Proof. Let us take the edge E of the loop of h(Γ) whose ends are v1 and v2. Cutting it
at the midpoint, extending the cut edges to infinity, and adding suitable vertices as in
Figure 7 of Subsection 5.2, we obtain a tropical curve of genus zero. Let (Γ′, h′) be the
resulting tropical curve.
Since Γ′ is a tree, we can construct a pre-log curve ϕ′0 : C
′
0 → X0 of type (Γ
′, h′)
In particular, we have two vertices corresponding to the midpoint of E, and these in
turn correspond to two orbits of a one dimensional subtorus the torus N ⊗ C∗ acting
on components of X0. Moreover, by the assumption of the lemma, we can take these
orbits so that their values of the functions Zr+1, . . . , Zn are the same (note that each Zi,
i = r + 1, . . . , n, is constant on these orbits). Therefore, the positions of these two orbits
are different only in the direction of A¯⊗ C∗.
On the other hand, by the argument as in Subsection 5.2, we can change the relative
position of these one dimensional orbits in any direction of A¯⊗C∗ by moving the compo-
nents of ϕ′0(C
′
0) by the action of the torus in the direction of A¯⊗C
∗, without changing the
homotopy type of ϕ′0(C
′
0). Eventually, we can take ϕ
′
0 so that the orbits corresponding
to the two vertices at the midpoint of E coincide. Then again as in the argument in
Subsection 5.2, we can discard some components of C ′0 so that we have a pre-log curve of
type (Γ, h) (see also Figure 7). 
Now our problem is reduced to determining whether there are pre-log curves of type
vi satisfying the assumption of Lemma 91 for each j. We will interpret this condition
by looking at each curve corresponding to vi closely to classify the possible values of the
functions Zj, r + 1 ≤ j ≤ n, at the points pvi,1 and pvi,2.
Let v be a vertex on the loop of h(Γ). The open star of v in h(Γ) can be thought of as
a tropical curve (Γv, hv) whose image has only one vertex. Here Γv is a subgraph of Γ and
hv is the map induced from h in a natural way. As we discussed in Subsection 4.2, such a
tropical curve can be obtained from a standard tropical curve h0 : Γ0 → R
l+1 introduced
at the beginning of Subsection 4.1 by composing h0 with a suitable integral affine linear
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map Ξ: Rl+1 → Rn. Here the valence of h(Γ) at the vertex v is l + 2. Let {ε1, . . . , εl+1}
be the standard basis of Zl+1.
Correspondingly, any pre-log curve of type v (see Definition 27) can be obtained from
a pre-log curve ψ0 : D0 → Pl+1 of type (Γ0, h0) by composing ψ0 with a map between
toric varieties fΞ : P
l+1 → Pv induced by Ξ. Here D0 is an irreducible nonsingular rational
curve, and Pv is the toric variety defined by hv(Γv) seen as a fan, see Subsection 4.2.
Now let uv,1, . . . , uv,l+2 ∈ N be the primitive integral generators of the edges emanating
from v in h(Γ) (some of these may coincide). We assume that uv,1 and uv,2 are the
directions of the edges contained in the loop of h(Γ). Let wv,1, . . . , wv,l+2 be the weights
of these edges. Then the linear part of the map Ξ is given by the n× (l + 1)-matrix
G = (wv,1uv,1 wv,2uv,2 · · · wv,l+1uv,l+1).
The dual vector e∨j ∈ N
∨ introduced above is sent to the vector
(wv,1uv,1,j , wv,2uv,2,j, . . . , wv,l+1uv,l+1,j) ∈ (R
l+1)∨
by the adjoint GT of G, here uv,i,j is the j-th component of the vector uv,i ∈ Zn. Note
that since the part ε1, ε2 of the standard generators of Z
l+1 are mapped to wv,1uv,1 and
wv,2uv,2, respectively, the equations
uv,1,j = uv,2,j = 0, r + 1 ≤ j ≤ n
hold.
Now the image of the curve ψ0 is given by the defining equations
x1 + a2x2 + b2 = 0, x1 + a3x3 + b3 = 0, . . . , x1 + al+1xl+1 + bl+1 = 0,
here xi are inhomogeneous coordinates of P
l+1 corresponding to the dual basis {ε∨1 , . . . , ε
∨
l+1}
of {ε1, . . . , εl+1}, and ai, bi are nonzero complex numbers satisfying
bi 6= bj , ∀i 6= j.
Let S be the coordinate on D0 given by ψ
∗
0x1. Then the function Zj on Pv, j ∈
{r + 1, . . . , n}, corresponding to the vector e∨j is pulled back to
(♣) ψ∗0(x
wv,1uv,1,j
1 · · ·x
wv,l+1uv,l+1,j
l+1 ) =
(
−
b3 + S
a3
)wv,3uv,3,j
· · ·
(
−
bl+1 + S
al+1
)wv,l+1uv,l+1,j
by the map fΞ ◦ ψ0.
Let pv,1 and pv,2 be the points on D0 corresponding to the edges of directions ε1, ε2
as before. The values of the coordinate S at these points are 0 and −b2, respectively.
Therefore, the values of the function Zj at pv,1 and pv,2 are given by
Zj(pv,1) =
(
−
b3
a3
)wv,3uv,3,j (
−
b4
a4
)wv,4uv,4,j
· · ·
(
−
bl+1
al+1
)wv,l+1uv,l+1,j
and
Zj(pv,2) =
(
−
b3 − b2
a3
)wv,3uv,3,j (
−
b4 − b2
a4
)wv,4uv,4,j
· · ·
(
−
bl+1 − b2
al+1
)wv,l+1uv,l+1,j
,
respectively. The ratio of these values is
Zj(pv,2)
Zj(pv,1)
=
(
b3 − b2
b3
)wv,3uv,3,j (b4 − b2
b4
)wv,4uv,4,j
· · ·
(
bl+1 − b2
bl+1
)wv,l+1uv,l+1,j
.
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Recall that {v1, . . . , vk} are the vertices on the loop of h(Γ) ordered cyclically. We take
pre-log curves
ϕ0,vi : D0,vi → X0,vi
of type vi for each i = 1, . . . , k, and also take points pvi,1 and pvi,2 corresponding to
the edges Evi,1 and Evi,2 (recall that Evi,2 = Evi+1,1. It follows that the edges Evk,2 =
Ev1,1, Ev1,2 = Ev2,1, Ev2,2 = Ev3,1, · · · are aligned cyclically). The following is clear.
Lemma 92. The condition of Lemma 91 is equivalent to the condition that we can take
the pre-log curves ϕ0,vi so that the product of the ratios
k∏
i=1
Zj(pvi,2)
Zj(pvi,1)
is equal to one for all j = r + 1, . . . , n. 
Now consider the ratio
Zj(pvi,2)
Zj(pvi,1)
=
(
1−
b2
b3
)wvi,3uvi,3,j (
1−
b2
b4
)wvi,4uvi,4,j
· · ·
(
1−
b2
bli+1
)wvi,li+1uvi,li+1,j
,
here the valence of the vertex vi is li+2. Thus, by changing the configuration of the curve
ψ0, the ratio
Zj(pvi,2)
Zj(pvi,1)
varies over the set
{Cvi,j := ζ
wvi,3uvi,3,j
vi,3
ζ
wvi,4uvi,4,j
vi,4
· · · ζ
wvi,li+1uvi,li+1,j
vi,li+1
| ζvi,q 6= 1 ∀q, ζvi,q1 6= ζvi,q2 3 ≤ ∀q1 < ∀q2 ≤ li+1}.
Let Hi be the set
Hi = {(ζvi,3, ζvi,4, . . . , ζvi,li+1) ∈ C
li−1 | ζvi,q 6= 1 ∀q, ζvi,q1 6= ζvi,q2 3 ≤ ∀q1 < ∀q2 ≤ li+1}.
Using this description, the condition of Lemma 92 can be written as follows.
Lemma 93. The condition of Lemma 92 is equivalent to the condition that the image of
the product map
k∏
i=1
Hi → (C
∗)n−r, (ζvi,q) 7→
(
k∏
i=1
Cvi,j
)
j=r+1,...,n
contains (1, 1, . . . , 1). 
Now note that if the direction of the edge Evi,q is contained in the linear subspace A¯
spanned by the directions of the edges in the loop, then uvi,q,j = 0 for all r + 1 ≤ j ≤ n.
Therefore, we only need to consider those edges not contained in the affine subspace A.
We can assume that we have numbered the edges emanating from vi so that
Evi,3, . . . , Evi,mi, 1 ≤ i ≤ k, 4 ≤ mi ≤ li + 2
are those not contained in A. When all the edges emanating from vi are contained in A,
we set mi to be three. Note that when there is an edge emanating from vi not contained
in A, then mi ≥ 4 by the balancing condition. We choose mi− 3 edges Evi,3, . . . , Evi,mi−1
for each i = 1, . . . , k. Let E be the set of these edges:
E = {Evi,qi}1≤i≤k,3≤qi≤mi−1
Remark 94. There is freedom of choices ofmi−3 edges from themi−2 edges Evi,3, . . . , Evi,mi
for each vertex vi, 1 ≤ i ≤ k. However, the conclusion does not depend on these choices.
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Then we construct a flag of affine subspaces of NR containing A in the following way.
First choose an edge Evi,q from E . Let Ar+1 be the minimal affine subspace containing
both A and Evi,q. Let nr+1 be the number of the edges in E contained in Ar+1. Next,
choose an edge Evj ,s from E which is not contained in Ar+1. Let Ar+2 be the minimal
affine subspace containing both Ar+1 and Evj ,s. Let nr+2 be the number of the edges in
E contained in Ar+2.
Continuing this process, we can construct a flag
A = Ar ⊂ Ar+1 ⊂ · · · ⊂ An−1 ⊂ An = NR.
There is also an associated sequence of the numbers
nr+1 < nr+2 < · · · < nn−1 < nn =
k∑
i=1
(mi − 3).
Among these flags, we choose one for which the sequence of the positive integers
nr+1, nr+2 − nr+1, . . . , nn − nn−1
is minimal with respect to the lexicographic order (in other words, we choose a flag so
that ni+1 − ni with smaller i will be as small as possible). There may be several flags
which give the same sequence of the integers, and any of them will do. We write such a
flag by Ar ⊂ Ar+1 ⊂ · · · ⊂ An−1 ⊂ An.
Now choose a basis {gr+1, . . . , gn} of the sublattice N
∨ ∩ A¯⊥ of the dual lattice N∨ in
the following way. First, let gn be one of the generators of the annihilating subspace of
A¯n−1. Next, take gn−1 so that {gn−1, gn} will be a basis of the annihilating subspace of
A¯n−2. Similarly, take {gr+1, . . . , gn} so that {gn−i+1, . . . , gn} is a basis of the annihilating
subspace of A¯n−i.
The basis {gr+1, . . . , gn} can be obtained from the given basis {e∨r+1, . . . , e
∨
n} by an
invertible integral linear transform. Therefore, we can replace the functions Zr+1, . . . , Zn
in Lemma 91 by those functions corresponding to the vectors {gr+1, . . . , gn}. We also
write these functions by Zr+1, . . . , Zn.
Let us order the elements of the set of edges E as
E1, E2, . . . , Enn
so that the first nr+j edges are contained in Ar+j , j = 1, . . . , n−r. Let vm be the primitive
integral generator of the direction of the edge Em and wm be the weight of it. The values
wmgj(vm), j = r + 1, . . . , n
give an element of Zn−r for m = 1, . . . , nn. Taking these vectors as column vectors, we
make an (n− r)× nn-matrix G′.
Now among the positive integers nr+1, nr+2−nr+1, . . . , nn−nn−1, let j ∈ {0, 1, . . . , n−
r−1} be the smallest integer such that nr+j+1−nr+j is larger than 1 (here we set nr = 0).
Such a j may not exist, but when it exists, then the following is easy to see.
Lemma 95. For each i ≥ j, the inequality nr+i+1 − nr+i ≥ 2 holds.
Proof. Suppose that nr+i+1 − nr+i = 1 holds for some i ≥ j. Recall we have the flag
Ar ⊂ Ar+1 ⊂ · · · ⊂ An−1 ⊂ An of affine subspaces in NR. By assumption, the affine
subspace Ar+i+1 is the minimal affine subspace containing both Ar+i and the edge Enr+i+1,
and Enr+i+1 is the unique edge of E contained in Ar+i+1 \ Ar+i.
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Now take another flag {A′k}k=r,...,n so that A
′
k = Ak for k = r, . . . , r + j − 1 and define
A′r+j as the minimal affine subspace containing Ar+j−1 and the edge Enr+i+1. Then by
construction Enr+i+1 is the unique edge of E contained in A
′
r+j \Ar+j−1. This contradicts
to the minimality of nr+1, nr+2 − nr+1, . . . , nn − nn−1 in the lexicographic order. 
Recall that each column of G′ corresponds to an edge in E . In turn, to each such an
edge corresponds a complex number ζvi,q for some i and q. Let j ∈ {0, 1, . . . , n−r−1} be
the minimal integer such that nr+j+1−nr+j ≥ 2 holds as above (assuming such an integer
exists). By Lemma 95, any integer a ∈ {j, j + 1, . . . , n − r − 1} satisfies this property.
Consider the product
∏k
i=1Cvi,n. By assumption, it contains at least two factors of the
form ζαvi,q, α 6= 0. Therefore, clearly there is a continuum of elements of
∏k
i=1Hi which
satisfy
∏k
i=1Cvi,n = 1.
Now, if j ≤ n− r−2, then the product
∏k
i=1Cvi,n−1 contains at least two factors of the
form ζα
′
vi′ ,q
′ which do not appear in
∏k
i=1Cvi,n. Thus, there is a continuum of elements of∏k
i=1Hi which satisfy both
∏k
i=1Cvi,n = 1 and
∏k
i=1Cvi,n−1 = 1.
This can be continued so that we see there is a continuum of elements of
∏k
i=1Hi which
satisfy
k∏
i=1
Cvi,n =
k∏
i=1
Cvi,n−1 = · · · =
k∏
i=1
Cvi,r+j+1 = 1.
Let H′ be the subset of
∏k
i=1Hi whose elements satisfy these equalities.
Now consider the product
∏k
i=1Cvi,l, r ≤ l ≤ r+ j. If the (l− r)-th row of G
′ contains
a non-zero component at the m-th column, where j + 1 ≤ m ≤ nn, then it is easy to see
that there is a continuum of elements in H′ which satisfy
∏k
i=1Cvi,l = 1.
Then consider another product
∏k
i=1Cvi,l′. If the (l
′ − r)-th row of G′ contains a non-
zero component at the m′-th column, where j + 1 ≤ m′ ≤ nn or m′ = l − r, then again
there is a continuum of elements in H′ which satisfy
∏k
i=1Cvi,l =
∏k
i=1Cvi,l′ = 1.
Repeating this and exchanging the columns of G′ (which corresponds to reordering the
edges in E), and also rows of G′ (which corresponds to reordering the basis {gr+1, . . . , gn}),
the existence of the pre-log curves reduces to the case where all the integers nr+1, nr+2 −
nr+1, . . . , nn − nn−1 are one. In this case, we write the matrix G′ as G. In general, we
obtain a matrix of the size smaller than n− r, see Figure 14.
Assuming nr+1, nr+2−nr+1, . . . , nn−nn−1 are all one, nn = n−r and G is an invertible
square matrix with integer entries (the inverse matrix need not be defined over the inte-
gers). Let us write the matrix G by entries, G = (gij), 1 ≤ i, j ≤ n− r. In this case, we
rearrange the order of the set of edges E so that the first i1 = m1 − 3 edges are attached
to the vertex v1, the next i2 = m2 − 3 edges are attached to v2, and so on. Note that∑k
a=1 ia = nn = n− r.
Then the condition in Lemma 93 can be written in the following way. Namely, for
the existence of a pre-log curve of type (Γ, h), it suffices to show that there are complex
numbers ζ1, . . . , ζn−r satisfying the following conditions:
(1) ζi ∈ C
∗ \ {1},
(2) ζi 6= ζj when i 6= j,
∑c
a=1 ia + 1 ≤ i, j ≤
∑c+1
a=1 ia for some 0 ≤ c ≤ k − 1, and
(3)
∏n−r
i=1 ζ
gji
i = 1 for all j = 1, . . . , n− r.
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
i j + 1
∗ ∗ ∗ · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 ∗ ∗ · · · ∗ β · · · · · · · · · · · · · · · · · · · · · · · · · · ·
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
i 0 0 · · · · · · 0 ∗ · · · · · · · · · · · · 0 α 0 · · · · · ·
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
j + 1 0 0 · · · · · · · · · · · · · · · 0 ∗ ∗ · · · · · · · · · · · · · · ·
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
0 0 · · · · · · · · · · · · · · · · · · 0 0 · · · ∗ ∗ · · · · · ·
0 0 · · · · · · · · · · · · · · · · · · 0 0 · · · 0 0 ∗ ∗

Figure 14. A possible form of the (n− r)× nn-matrix G′. The k-th row
(k ≥ j + 1) contains at least two nonzero entries on the columns on which
the entries of the l-th rows (k + 1 ≤ l ≤ n − r) are zero. The upper
left j × j submatrix is upper triangular with nonzero diagonals. When
the i-th row (1 ≤ i ≤ j) contains a nonzero entry on the m-th column
with j + 1 ≤ m ≤ nn (the entry α in the matrix), then the constant∏k
a=1 Cva,r+i can be set to one. Then if the i
′-th row with i′ < i contains
a nonzero entry on the i-th column (the entry β in the matrix), then the
constant
∏k
a=1 Cva,r+i′ can be set to one. By lowering these rows for which
the constant
∏k
a=1 Cva,r+i can be set to one in the above way, we collect the
remaining edges at the top part of the matrix. When the number of these
edges is ρ, then by reordering the columns, we obtain a new matrix in which
the upper left ρ× ρ matrix is upper triangular with nonzero diagonals, and
the entries of these rows on the k-th column (k ≥ ρ+ 1) are all zero. The
existence of a pre-log curve is reduced to the property of this matrix, which
we write by G.
Taking the logarithm, this can be further rephrased in the following form. That is,
consider the system of linear polynomials
G
 x1...
xn−r
 ,
where x1, . . . , xn−r are variables taking values in complex numbers. Then the condition
in Lemma 93 is equivalent to the requirement that the equation
G
 x1...
xn−r
 = 2πi
 a1...
an−r

has a solution for some integers a1, . . . , an−r, where xi /∈ 2πiZ and xi − xj /∈ 2πiZ for
i 6= j,
∑c
a=1 ia + 1 ≤ i, j ≤
∑c+1
a=1 ia for some 0 ≤ c ≤ k − 1.
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Moreover, the solutions
 x1...
xn−r
 and
 x′1...
x′n−r
 such that
 x1...
xn−r
−
 x′1...
x′n−r
 ∈ 2πiZn−r
give the same solution for the original equation. Thus, replacing xi by Xi =
xi
2pii
, we only
need to look for solutions in the higher dimensional open unit cube In−r = (0, 1)n−r.
Since the matrix G is invertible, the image of In−r by G is a higher dimensional open
parallelotope P ⊂ Rn−r spanned by the columns of G. For i 6= j,
∑c
a=1 ia + 1 ≤ i, j ≤∑c+1
a=1 ia for some 0 ≤ c ≤ k − 1, let Hij be the hyperplanes in R
n−r defined by
Hij =

 X1...
Xn−r
 ∣∣∣∣ Xi = Xj

and H be their union
H =
∐
Hij,
where the pair i, j runs through those which satisfy the above condition. Then, summa-
rizing the argument so far, we have the following.
Theorem 96. When nn = n − r, the number of elements in the set
∏k
i=1Hi satisfying
the condition of Lemma 93 is equal to the number of integral points in P \G(H). 
Translating to the language of pre-log curves, we have the following. We use the same
notation as in the above argument.
Corollary 97. Given a tropical curve (Γ, h) of genus one such that the number of the
edges emanating from the vertices on the loop satisfies nn = n−r, there are pre-log curves
of type (Γ, h) if and only if the set of integral points in P \G(H) is non empty. Moreover,
the number of families of such pre-log curves is given by the number of integral points in
P \G(H). 
Remark 98. The family of pre-log curves corresponding to an integral point in P \G(H)
consists of curves obtained by gluing marked rational curves with fixed moduli associated
to the vertices of Γ (the marked points correspond to nodes or intersection with toric
divisors) as we explained in Subsection 5.2.
Combined with Theorem 86, we have the following characterization of smoothable trop-
ical curves of genus one.
Corollary 99. Let (Γ, h) be a tropical curve of genus one satisfying Assumption A. As-
sume that the directions of the edges emanating from the vertices on the loop spans the
whole Rn. Then (Γ, h) is smoothable if and only if the associated set P \ G(H) contains
an integral point. 
Remark 100. In this corollary, we do not assume nn = n− r, and the size of the matrix
G will be in general smaller than (n − r) × (n − r). When this happens, the family of
pre-log curves mentioned in Corollary 97 and Remark 98 will acquire additional freedom
coming from deforming some of the pointed rational curves in the components of C0.
Remark 101. The number of families obtained by smoothing pre-log curves of type (Γ, h)
is in general larger than the number of integral points in P \G(H) since the same pre-log
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curve can carry several log structures relevant to our purpose. For a given pre-log curve
of type (Γ, h), the number of different families of smoothings can be calculated from the
edge weights of Γ using log deformation theory, as in [17].
Remark 102. In [20], K. Torchiani defined a combinatorial counting number of tropical
curves of genus one with nice invariance properties, using combinatorial moduli space of
well-spaced tropical curves. There she gave positive multiplicity to any loop of the kind we
considered in this section. In particular, the tropical curves like the one given in Example
81 also contribute to her counting number. The result in this section shows that the moduli
of classical curves is subtler than the combinatorial moduli of tropical curves.
Remark 103. The argument in this section can be used to study the existence of pre-log
curves of type (Γ, h) with higher genus. In the cases of higher genus, such a study becomes
more important since as we saw in Example 82, even in 3-valent cases, the existence of
pre-log curves will be a nontrivial problem.
Also, it turns out that when a suitable transversality condition holds (in the case of genus
one, this is the condition that the directions of the edges emanating from the vertices on
the loop span Rn), the existence of pre-log curves immediately implies the smoothability of
the tropical curve in the sense of Definition 31. These issues will be treated elsewhere.
7.1. Examples. In this subsection, we give a few examples concerning Theorems 86 and
96.
Example 104. First, let us look at Examples 81 and 83 from the viewpoint of Theorems
86 and 96. In these cases, n = 3, r = 2 and nn = n − r = 1. Therefore, the matrix G
is just an integer and it is 1 in the case of Example 81 and 2 in the case of Example 83.
The open parallelotope P is (0, 1) and (0, 2), respectively, and the space H is empty in
both cases. Thus, P \ G(H) contains no integral point in the case of Example 81 and
one integral point in the case of Example 83, recovering the results discussed in these
examples.
Similar situation happens in Example 51. When the edges A and B are both contracted
(see the picture on the left of Figure 15), then there are infinitely many isomorphism
classes of corresponding pre-log curves by Corollary 99 and Remark 100, and all of them
are smoothable.
Figure 15.
Now consider the case when only the edge A is contracted (see the picture on the right
of Figure 15). In this case, since the weights of the edges outside the loop are two, it
follows that the open parallelotope is (0, 2). Therefore, there is one pre-log curve of the
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corresponding type and it is smoothable. Contrary to the case of Example 51, the length
of B does not matter to the smoothability.
Example 105. Consider the tropical curve in R4 whose image is given by Figure 16.
S
T
U
V
Figure 16.
Here the edges other than S, T, U and V are contained in the two dimensional affine
subspace A spanned by the directions of the edges in the loop. Let e1, e2, e3, e4 be a basis
of Z4 ⊂ R4 and assume that the two dimensional plane A¯ parallel to A is spanned by e1
and e2.
Let g1, g2 be the primitive integral generators of the edges S and U , and assume the
weights of these edges are one. Assume these generators are given by
g1 =

a1
b1
1
0
 , g2 =

a2
b2
3
4
 ,
where ai, bi are some integers. In this case, P is the open parallelogram spanned by the
edges
(
1
0
)
,
(
3
4
)
, and H is the empty set. Thus, the relevant integral points are three
points
(
1
1
)
,
(
2
2
)
,
(
3
3
)
. Therefore, there are three families of pre-log curves of the given
type, and all of them are smoothable by Theorem 86.
On the other hand, consider the tropical curve in R4 whose image is given by Figure
17.
This time the edges other than S, T and U are contained in the two dimensional affine
subspace A spanned by the directions of the edges in the loop.
Assume that the edges S and U are generated by the same vectors g1 and g2 as before,
and also assume that the weights of these edges are one.
In this case, P is the same parallelogram as the above example, but the space H is the
diagonal of R2. The space G(H) contains all the integral points
(
1
1
)
,
(
2
2
)
,
(
3
3
)
, so that
in this case there are no pre-log curves of the type given by the tropical curve in Figure
17. In particular, this tropical curve is not smoothable.
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S
T
U
Figure 17.
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